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DENSITY AND CAPACITY OF BALLEANS GENERATED BY FILTERS
IIJIBHICTDb TA EMHICTD BOJIEAHIB, 3S'EHEPOBAHUX ®IJIbTPAMU

We consider a ballean B = (X, P, B) with an infinite support X and a free filter ¢ on X and define Bpx4(z, («, F')) for
every a € P and F € ¢. The ballean (X, P X ¢, Bpx ) will be called the ballean-filter mix of B and ¢ and denoted by
B(B, ¢). It was introduced in [O. V. Petrenko, 1. V. Protasov, Balleans and filters, Mat. Stud., 38, Ne 1, 3-11 (2012)] and
was used to construction of a non-metrizable Fréchet group ballean. In this paper some cardinal invariants are compared.
In particular, we give a partial answer to the question: if we mix an ordinal unbounded ballean with a free filter of the
subsets of its support, will the mix-structure’s density be equal to its capacity, as it holds in the original balleans?

Posrmsimaersest Gomean B = (X, P, B) 3 HeckinueHHEM cymoproM X 1 BimpHHH (inmsTp ¢ Ha X Ta BH3HAYAETHCA
Bpxo(z,(a, F)) mist xoxHoro o« € P ta F € ¢. bonean (X, P X ¢, Bpxg) Ha3uBalOTh 601eaH-Qinbmp Mikcom
st B i ¢ Ta no3Hadatots B(B, ¢). Taky tepmiHoiorito Oyno Beemeno y crarti [O. V. Petrenko, 1. V. Protasov, Balleans
and filters, Mat. Stud., 38, Ne 1, 3—11 (2012)], xe ii 3actocoBano s moOynoBu Goneana rpymu Ppemie 6e3 MeTpH3a-
uii. ¥ miif poOoTi MOPIBHIOIOTECS JesiKi Kap[WHaJbHI iHBapiaHTH. 30KpeMa, HaBEJIEHO YAaCTKOBY BIAINOBiJb Ha NMUTAHHS:
SIKIIIO € MIKC OpAMHAJIBFHO HEOOMEeXeHOro OoyeaHa 3 BUIBHUM (iIBTPOM HiIMHOXKHH HOTO CymopTy, TO 4H Oyae IIiTbHICT
MIKC-CTPYKTYpH PiBHOIO ii €MHOCTI, SIK IIe Ma€ Miclie Ul OPHUTiHAJIBHUX OoJeaHiB?

1. Introduction. Given sets X, P and a function B: X x P — P(X), atriple B = (X, P, B) is
called a ball structure with a support X, a set of radiuses P and a ball function B. If (z,a) € X X P,
then B(x,«) is called a ball of radius o around x. Consistently if A C X and o € P, then
U{B(z,«a): = € A} is called a ball of radius o around the set A.

If B is a ball function, then a dual ball function B* is defined as follows: for every x € X and
a € P, we put

B*(z,a) ={y€e X:z € B(y,a)}.

The ball structure B* = (X, P, B*) is called dual to the structure B = (X, P, B).
A ball structure B = (X, P, B) is called upper symmetric if for any a, 8 € P there exist o,
B’ € P such that

B(z,a) C B*(z,o¢/) and B*(z,B) C B(x,f)

for every x € X. A ball structure B = (X, P, B) is called upper multiplicative if, for any «, 5 € P,
there exists v € P such that

B(B(z,a), ) € B(x,7)

for every x € X. A ball structure which is both upper symmetric and upper multiplicative is called a
ballean. Note that if B is upper symmetric/multiplicative, then B* is upper symmetric/multiplicative.
Let B = (X, P, B) and B’ = (X', P’, B’) be balleans. A mapping f: X — X’ is called:
<-mapping if, for any a € P, there exists «/ € P’ such that f(B(z,«)) C B'(f(z),a') for
every = € X;
asymorphism (or isomorphism as in [3]) if f is a bijection and both f and f~! are <-mappings.
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If f: X — X’ is a <-mapping we will write B < B'. Balleans B = (X, P, B) and B’ = (X', P/, B')
are called asymorphic if there exists an asymorphism f: X — X'. We will write B =B’ if X = X’
and B and B’ are asymorphic. Note that B = B* if and only if a ball structure B is upper symmetric.
Of course for every balleans we have B = B*. A ballean B = (X, P, B) is called symmetric if
B(z,a) = B*(z,«) for any two = € X and v € P. Recall that every ballean is asymorphic to some
symmetric ballean [1].

Given B = (X, P, B), we define natural preordering < on P by the rule: o < 8 iff B(z, ) C
B(z,8) for every z € X. A subset P’ C P is called cofinal if, for each « € P there exists 3 € P’
such that « < . A ballean B = (X, P, B) is called connected if, for every two points = and y
of X, there exists & = «a(x,y) € P such that y € B(z,a). The connectedness is an equivalence
relation. A connected ballean B = (X, P, B) is called ordinal if P contains a cofinal subset P’
which is well-ordered by <. We put cf(B) = min {card(R): R C P A R is cofinal in B}.

Observe that if we replace P by its minimal cofinal subset P’, we get an asymorphic bal-
lean [4, p. 175]. Hence, we can replace P by a regular cardinal p = cf card(P) and write B(X, p, B)
in the place of B(X, P, B).

2. Examples.

Examplel. Let (X,d) be a metric space. Put By(z,e) = {y € X :d(z,y) <€} for every
€ > 0. The ballean B(X,d) = (X,R*, By) is called a metric ballean. Note that every metric ballean
is ordinal.

A filter ¢ on infinite set X is called free if (¢ = &. A free filter ¢ on infinite set X is called
uniform if card(Y) = card(X) for every Y € ¢. If card(X) > k > w, then the free filter of all
subsets F' C X such that card(X \ F') < x will be denoted by F(X).

Example?2. Let X be a set and ¢ be a free filter on X. For any z € X and F' € ¢, we put

X\F, ifz¢PF

Bole, F) = {{x} if 2 F.

Then B(¢) = (X, ¢, By) is a symmetric ballean.
Note that x(¢) = cf(B(¢)) for every free filter on an infinite set X [4, p. 23].
Example3. Let B = (X, P, B) be a ballean and ¢ be a free filter on X. We put

B(z,a)\ F, if z ¢ F,

Bolw F) = {{a:}, if z€F.

Then the ball structure B(B, ¢) = (X, P x ¢, Bpyg) is a ballean. We will call it a ballean-filter mix
of B and ¢ [2].

Remark 1. Note that:

(a) if ¢ and v are free filters on X such that ¢ C 1), then B(B, ¢) < B(B,);

(b) B(B,¢) < B for every free filter ¢ on X;

() if B = (X,P,B), B' = (X,P',B') and B = B/, then B(B, ¢) = B(B',$) for every free
filter ¢ on X.
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Example4. Given an uncountable set X and a regular cardinal x < card(X), we define Seq(k)
as a family of all subsets A of X such that card(A4) < x. We put

PSeq(n) - {f X = Seq("i) t Veex (1’ € f(.’E)/\
NMyeX:ze f(y)} €Seq(r)) }

and Bgeq(w) (7, f) = f(x) for every (x,f) € X X Pgeq(n)- Then, thanks to regularity of ,
B(Seq(k)) = (X, Pseq(x)s Bseq(x)) is @ ballean.
3. Subsets of balleans. Given a ballean B = (X, P, B), a subset V' C X is called:

bounded if there exist & € P and z € X such that V C B(x, a);

unbounded if V' is not bounded;

large if there exists a € P such that X = B(V, a);

thick if X \ V is not large;

a-discrete for o € P if {B(v,a): v € V'} is disjont family.

The set of all, respectively, bounded, unbounded, large, thick subsets of ballean B = (X, P, B)
will be denoted by, respectively, Bound(B), Unbound(B), Large(B), Thick(B). Note that every
dense subset of a metric space (X, d) is large in B(X, d). However it is not vice versa. For example,
the set of integers is large in B(R, d) but it is not dense in (R, d), where d is an Euclidean metric.

It is also known that for every o € P each maximal (with respect to inclusion) a-discrete subset
of any ballean B = (X, P, B) is large in it [1, 4].

4. Density. We define a density of a ballean B as follows:

den(B) = min{card(Y): Y C X AY is large in B}.

Recall [1] that if X is infinite and filter ¢ is free, then ballean B(¢) is unbounded and connected
(such a ballean is also called a conun) and ¢ = Large(B(¢)).

Remark?2. Note that Large(B(B, ¢)) C ¢ N Large(B). Indeed, if Y C X is large in B(B, ¢),
then there exist F' € ¢ and o € P such that B(Y, (o, F')) = X. Hence F' C Y and B(Y \ F,a) =
=X\ F. So, Y € ¢ NLarge(B).

Corollary 1. If ¢ is a free filter on an infinite set X, then

den(B(¢)) den(B) < den(B(B, ¢))
for every ballean B = (X, P, B). So, if ¢ is uniform, then
den(B(B, ¢)) = den(B(¢)) = card(X).

Proposition 1. Let B = (X, P, B) be a connected ballean with infinite support X and let ¢
be a free filter on X containing F,,(X) and such that X \ F is bounded for every F € ¢. Then
Large(B(B, ¢)) = ¢.

Proof. Take F' € ¢ and an arbitrary y € F. Put G = F'\{y} and choose = € X and a € P such
that X \ G C B(z, a). By connectedness of B there exists § € P such that z € B(y, ). By upper
multiplicative condition we can find v € P such that X \ G C B(y, 7). So Bpx4(F, (7,G)) = X.
Hence, F' € Large(B(B, ¢)).
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Corollary2. For every connected and bounded ballean B = (X, P, B) with an infinite support
X and every free filter ¢ containing F,(X) the following equality holds:

den(B(B, ¢)) = min{card(F): F € ¢}.

Proposition 2. Let ¢ be a free filter on an infinite set X containing F,(X) and let B =
= (X, P, B) be a bounded ballean. Then

den(B(¢)) = den(B(B, ¢)) > den(B).

Proof. LetY € ¢ and choose zp € X and o € P such that B(zg,«) = X. We consider two
cases:
Case 1: Assume that o € Y. Then Y is large in B(B, ¢). Indeed, if zo € Y, then

Bpxop(Y, (@, Y \ {z0})) = X,
Case2: If zo € Y, then Y U {xo} appears large in B(B, ¢), since
BPX(i)(Y U {1‘0} ’ (a7Y)) =YU (B(J,‘(), (a7 Y)) \ Y) =X.

Since card(Y) = card(Y U {zo}), so den(B(B,¢)) < den(B(¢)). Of course, since B =
= (X, P, B) is bounded, we have den(B) = 1. By Corollary 1 the proof is complete.

Example5. 1f d is the Euclidean metric and ¢ = F,(R), then Xy = den(B(R, d)) < den(B(¢)) =
= den(B(By, ¢)) = card(R) although B(R, d) is not bounded.

Given a ballean B = (X, P, B), aset Y C X has asymptotically isolated a-balls for some
a € P if, for every § > «, there exists y € Y satisfing B(y,«) = B(y, 3). If there exist a € P
and a set Y C X which has asymptotically isolated «-balls, then we say that B has asymptotically
isolated balls. 1f ¢, = {x € X : B(z,a) = {x}} is nonempty for every o € P, we will say that B
has asymptotically isolated 0-balls.

Example 6. 1f B is unbounded and has asymptotically isolated 0-balls, then B = {¢,: o € P}
is a base for some filter ¢p on X. Then B < B(B, ¢g) [2]. So, for every free filter on X such that
¢o C ¢, we have

B =B(B,¢) <B(B,¢) < B.
Hence

denB = denB(B, ¢9) = den B(B, ¢).

5. Capacity. The capacity of a ballean B = (X, P, B) is determined by its thick subsets.
Namely

cap(B) = sup {card(F) : F is a disjoint family of thick subsets of X} .

Recall [4, p. 175], [1] (Theorem 3.1) that cap(B) < den(B) for every ballean B and cap(B) =
= den(B) for every ordinal ballean B.

Remark 3. Note that Thick(B(B, ¢)) 2 ¢ U Thick(B) and

cap(B) cap(B(¢)) < cap(B(B, ¢))

for every free filter ¢ and every ballean B = (X, P, B).
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Remark 4. Note that if ¢ is a free filter on an infinite X and B = (X, p, B) is ordinal and
unbounded and such that den(B) = den(B(B, ¢)), then

cap(B) < cap(B(B, ¢)) < den(B(B, ¢)) = den(B) = cap(B).

Remark5. If ¢ is a free uniform ultrafilter on an infinite set X of the cardinality x, then
cap(B(¢)) = 1 and if also den(B) < «, then cap(B(B, ¢)) < den(B(B, ¢)) = k.

Example. Note that if ¢ = F,(R), then ¢ C Thick(B(R, d)). Indeed, if Y € ¢ (and, hence,
Y is large in B(¢) = (R, ¢, By)), then R\ Y is finite. So |J{B(y,e): y € R\ Y} # R for every
€ > 0. This means R \ Y cannot be large in B(RR, d). Hence, Y € Thick(B(R, d)).

Recall [1] that if card(X) = & is regular, then, since Large(B(Seq(x))) = [X]", we have

1 = cap(B(Seq(k))) < den(B(Seq(k))) = k.

Proposition 3. Let X be an uncountably infinite set and let k < card(X) be a regular cardinal.
Then
den(B(Seq(r)) = den(B(F)) = den(B(Bseq(x), Fr)) = card(X)

and
cap(B(Seq(r))) = cap(B(Fx)) = cap(B(Bseq(x), Fr)) = 1.
Proof. To prove the statement we will note that B(Seq(x)) = B(F.) = B(B, Fx). Indeed, put
By = B(Seq(r)), Ba = B(Fx) and B3 = B(Bgeq(x), Fr). We will show that the identity mapping is
an asymorphism in each of the following three cases.
Casel: By < By. Consider z € X and f € Pgeq(x) and put

F =X\ f(x).

Then Bj(z, f) = f(z) = Ba(z, F).
Case?2: Bo < Bs. Take G € F,;, and = € X and put

B {z}, x € F,
fF(w){X\F, ¢ ¢F.

Then By(z, F') = Bs(x, (fr, F)) for every z € X.
Case3: B3y <By. If F' € Fy, f € Pseq(x) and = € X, then we define g(z) as follows:

@) = {{m}, z€F,
g f(x)\F, z¢F.

Then Bs(z, (f, F')) = Bi(z,g). So By, By and By are pairwise asymorphic.

Observe that den(B(B, F,;)) = min{F': F € F,.} = card(X).

To see that cap(B(Seq(x))) = 1 suppose A € Thick(B(Seq(x))). Then card(A4) = card(X),
since otherwise we could find a bijection f: X \ A — X and define g(x) = {f(x),z} for every
r € X. Then Bgeq(x)(X \ 4,9) = X and hence X \ A would be large in B(Seq(x)), so we would
get a contradiction.

So there exists a bijection f: A — X and g € Pgeq() (defined as above) such that Bgeq () (4, 9) =
= X. Hence A € Large(B(Seq(k))). So since Thick(B(Seq(x))) C Large(B(Seq(x))) we have
cap(B(Seq(s))) = 1.
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Example8. 1f ¢ = F,(R), then density and capacity of B(B(R, d), ¢) are equal and uncoun-
table. Indeed, if A € Large(B (B(R,d),¢)), then A € ¢, so A is uncountable. For estimating
the capacity we put A, = {x + k: k € Z} for every x € R. Then {A;: z € [0,1)} is a family of
pairwise disjoint thick subsets of B (B(R, d), ¢). Hence

cap (B (B(R,d), ¢)) = den (B (B(R,d), ¢)) > den(B(R, d)) = No.

Recall that p < den(B) for every unbounded ordinal ballean B = (X, p, B) [1] (proof of the
Theorem 3.1).

Proposition 4. [f B = (X, p, B) is an unbounded ordinal ballean and card(X) = k > Vg is
such that den(B) < k, then

cap(B(B, F,(X))) = den(B(B, F,(X))) = card(X)

and there exists a disjoint family A C Thick(B(B, F,(X))) such that card(A) = k.

Proof. Let Kk = card(X) and P = {X;: 7 < p} be a disjoint family of sets, such that
UP = X and card(X;) = & for every 7 < p. Let {2 : A < k} be an enumeration of X, for
every 7 < p. Then Z) = {2 : 7 < p} € Thick(B(B, F,(X)) for every A < x. Indeed, suppose
there exist A < x, F' € F,(X) and o < p such that B, r,x)(X \ Z), (o, F)) = X. Then
S=F\(X\Z\) # @. Hence B,y 7,x)(X \ Zx, (o, F)) € X\ S # X, a contradition.

So, cap(B(B, F,(X))) = k.

Theorem 1. Let B = (X, p, B) be an ordinal unbounded ballean with an uncountable sup-
port X and let ¢ be a fiee filter on X containing F,,(X) and such that X \ F € Bound(B)
for every F' € ¢. Then cap(B(B,¢)) = den(B(B, ¢)) and there exists a disjoint family A C
C Thick(B(B, F,(X))) of the cardinality den(B(B, ¢)).

Proof. Assume that k = den(B(B, ¢)). Let F' € Large(B(B, ¢)) be such that card(F') = x.
We choose oy < p and G € ¢ such that X = B,y 4(F, (o1, G)) and take an arbitrary zp € X \ G.
Since p < den(B), we shall consider two cases:

Casel: p < cf k. Inductively assume that, for some S < p, we have just defined a family
{Yo C F: a < B} and a strictly increasing sequence {7, : @ < 8} such that, for each o < 3, the
following conditions hold:

(1) card(Yy) = k;

(i) Yo > o

(i) Y, C B(xO)’YOé) \ B(x07 a)'

Consider f = a + 1 for some o < k. Let Z = F'\ B(x0,7a). Observe that card(Z) = k.
Indeed, on the contrary L = ZU{xo} € Large(B(B, ¢)). To see this we use the upper multiplicative
condition and find an o < p such that B(B(z, ap), a1) C B(x, o) for every z € X. So we obtain
the following:

X = Bpxg(F, (a1,G)) € Bpxy(Z, (a1, G)) U Bpxy(B(xo, o), (a1, G)) C
C Byxg(Z, (a1, G)) U Bpxo(o, (a2, G)) C

C Byxs(Z U{zo}, (max(ag, 1), G)).

So, Z U {zp} € Large(B(B, ¢)) and its cardinality is smaller then x. A contradiction.
Since p < cfx we can choose vg > 7, such that card(Z N B(zg,73)) = k. Put Y3 =
=N B(:c0775).
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If B is a limit cardinal then, by regularity of p, there exists v < p such that 7 > ~, for each
a < 8. Then take Z = F' \ B(xo,7) and again choose 7, > ~ such that card(Z N B(x,v;)) = k
and put Yg = Z N B(x,7,) C F.

Let {yg\t A< n} be an enumeration of Y, for every o < p. Then Ty = {yé a < p} ¢
¢ Bound(B) for every A < k. Indeed, if there exist € X and ag < p such that T\ C B(z, ayp),
then by connectedness and upper multiplicative condition we can find a; < p satisfying T\ C
C B(zo,a1). But y) & B(z, 1) for a > 1. A contradiction.

So, T € Thick(B(B, ¢)) for every A < k.

Case2: Now assume cf k < p < den(B). Let g: p — & be an injection holding g(p) cofinal in
k. Inductively assume that for some 3 < p we have already defined a family {Y, C F': a < } and
a strictly increasing sequence {7, : o < 3} such that following conditions hold:

D) Yo >

(ii) Ya € B(z,7) \ B(x,a);

(iii) card(Yy) = g(«).

Consider § = o+ 1 for some o < p. Put Z = F' \ B(zg,74). Since card(Z) = k (compare with
Case 1) and p < & there exists a 73 > 7, such that card(B(zo,v3) N Z) > g(/). We choose
Ys € B(xo,78) N Z of the cardinality g(3).

If B is a limit cardinal then, by regularity of p, there exists v < p such that 7 > ~, for each
a < 3. Then take Z = F'\ B(xo, ) and choose 7, > v such that card(Z N B(x,v;)) = g(B). Put
Ys = Z N B(xo,7+).

Let {yg AL g(a)} be an enumeration of Y, for every o < p and let define

Tf:{yg‘:a+1§5<p}

for every av < p and A < & such that g(a) < A < g(aw+1). Then X \ T ¢ Bound(B) for every A
and o (compare with Case 1), so T € Thick(B(B, ¢)). Of course

A={Ty:g(a) <A< gla+1)ANa<p}

is a disjoint family and thanks to choice of g, card(A) = k.

We conclude also that Theorem 3.3 of [1] implies the following statement.

Corollary3. Let B = (X, P, B) be a ballean, card(X) = k, card(P) < k. Then, for every
free filter ¢ on X, there exists a disjoint family F C Thick(B(B, ¢)) such that card(F) = K and
provided that one of the following conditions is satisfied:

(i) there exists k' < k such that card(B(z,a)) < k' for all x € X and o € P;

(ii) card(B(z,a)) < K for all x € X and o € P and k is regular.
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