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QUATERNIONIC FRACTIONAL FOURIER TRANSFORM FOR BOEHMIANS
KBATEPHIOHHE JIPOBOBE IIEPETBOPEHHS ®YP’€ JJIS1 BBOMIAHIB

We construct a Boehmian space of quaternion valued functions using the quaternionic fractional convolution. Applying
the convolution theorem, the quaternionic fractional Fourier transform is extended to the context of Boehmians and its
properties are established.

3a 10MOMOror0 KBaTepHIOHHOI IpoO0BOT 3ropTKH MOOYR0BaHO ObOMiaHIB mpoCTip (GyHKIIH 13 3HAYEHHIMHU y KBaTCPHIOHAX.
3acTOCOBYIOUH TEOpeMy IIPO 3TOPTKY, MM HOIIMPIOEMO KBaTepHIOHHE 1poboBe neperBopeHHs Pyp’e Ha GbOMiaHiB IPOCTip
Ta BCTAHOBJIIOEMO H{Or0 BIACTHBOCTI.

1. Introduction. It is well-known that the classical Fourier transform on square integrable functions
is of order 4. To introduce a generalization of Fourier transform with fractional order, the fractional
Fourier transform was introduced by Namias [26] and the works on fractional Fourier transform have
been developed with different objectives on pure and applied mathematics. In particular, in view of
classical analysis, properties, applications and generalizations of the fractional Fourier transform are
discussed (see [7, 17, 20-22, 25, 26, 29, 30, 35, 39, 40]). Following the introduction of the Fourier
transform of quaternion valued functions.

The fractional Fourier transform is discussed on quaternion valued functions on R? and their
properties including inversion formula and Parseval’s identity are derived in [13, 38]. Recently the
fractional Fourier transform on quaternion valued functions on R is introduced in [32] and all of its
properties including the inversion formula, Parsevel’s identity, convolution and product theorems are
proved. As the convolution theorem for quaternionic fractional Fourier transform in [32] is quite
analogous to that of fractional Fourier transform of complex valued functions in [39], in this paper,
following the techniques employed in [40], we extend the quaternionic fractional Fourier transform to
a suitable Boehmian space of quaternion valued functions. It is obvious to observe that the fractional
Fourier transform on Boehmians of quaternion valued functions is simultaneously generalizing the
theory of fractional Fourier transform on quaternion valued L2-functions [32] and the fractional
Fourier transform on Boehmians of complex valued functions [40].

To facilitate the reader, we recall the division algebra of quaternions, LP-spaces of quaternion
valued functions, the theory of fractional Fourier transform in Section 2. The general theory of
Boehmians and the construction of two suitable Boehmian spaces are discussed in Section 3. The
last section is devoted to the definition and properties of the extended quaternionic fractional Fourier
transform.

2. Preliminaries. As usual, we denote by R and C, the sets of all real and complex numbers,
respectively. The set of all quaternions is defined by is defined by H = {q1 +762: 1,92 € (C}, where
the j is an imaginary number other than the imaginary complex number ¢ satisfying the properties
j2 = —1 and jz = zj for all z € C, where Z is the complex conjugate of z. The addition and the
multiplication of two quaternions are explicitly given by
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QUATERNIONIC FRACTIONAL FOURIER TRANSFORM FOR BOEHMIANS 813
(p1+jp2) + (01 + jg2) = (p1 + @1) + j(p2 + q2),

(p1+ Jp2) (@1 + 7q2) = (P1q1 — P2g2) + j(P1g2 + p2qr).

It is well-known that H is a skew-field but not a field with respect to the addition and multiplication
defined above. The conjugate and absolute value of a quaternion ¢ = ¢q; + jgo € H are given by

¢ = q1—jge and |q| = /|q1|? + |q2|?, respectively, where |gy| is the absolute value of the complex
number ¢q;. The conjugate operator and absolute value operator on quaternions satisfy the following

properties:
P+ =p"+d¢,  (Pa)°=qP, ()=q¢ Vp qeH,
and
a¢° = I, lal =lq°l, lp+al <Ipl+lal,  Ipal=Ipllal Vp,qeH.

If f = f1 + jf2 is a quaternion valued function, we define
f=Fh+if and f(z)=Ffi—jfa(2),
where fi(z) is the complex conjugate of f;(x) and fi(z) = fi(—z) for all z € R. Let LP(R,H) =
= {fi+jfe: f1,f2 € LP(R,C)}, where LP(R,C) is the Banach space of all complex valued

functions ¢, satisfying /|<,0(x)|p dx < 400, p = 1,2. As in the case of complex valued p-
R

integrable functions, the point-wise addition and point-wise scalar multiplication on LP(R,H) are
defined by

(f+9)(x) = f(z) +g(z) and (¢f)(z) =qf(x) VrecR

As H is not a field, we can say that LP(R, H) is a left H-module, and it is equipped with the norm
defined as follows:

171l = 12 + 3 fally = / @+ @) Pds | . p=1,2.
R

It is obvious that

fn—0 in LP(R/H) iff f,1 —0, fn2—0 in LP(R,C), (1)
where f, = fn1 + jfn2 forall n € N, and, hence, LP(R, H) is also complete with respect to the
metric induced by the norm. Furthermore, the norm on L?(R, H) is also obtained as || f||2 = \/(f, f),
where

(f.9) = / f(@)(g(@)de Vf, g € IX(R,H).
R

Therefore, we say that L?(R,H) is an example of a left H-Hilbert space, as per the following
definition.

Definition 1. A nonempty set H is called a quaternion left Hilbert space if it is a left H-module
and there exists a function (-,-) : H x H — H with the following properties:

(1) (u,v) = ((v,u))c Yu,v € H;

(2) (pu+ quv,w) = plu,w) + q{v,w) ¥p,q € H, Yu,v,w € H;
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814 R. ROOPKUMAR

(3) for each u € H, (u,u) is real and nonnegative;

4) for uw e H, (u,u) =0 iff u=0;

(5) every Cauchy sequence in the normed space (I, - ||2) converges in H, where ||u|ls =
=/ (u,u) forall u € H.

Upto the author’s knowledge, the first paper in English, mentioning the definition of quaternionic
Hilbert space is [37].

In 1980’s the qunaternionic Fourier transform was introduced and applied independently by Som-
men, Earnest et al., and Delsuc. Then another modified version of the quaternioninc Fourier transform
was introduced by T. Ell in 1992, which is commonly used by many researchers in this field of re-
search. For more details on the history of quaternionic Fourier transform, refer the reader to [9].
After this various research papers on quternionic Fourier transforms were published. To mention a
few works, we refer to [10, 15-17].

Next, we recall the fractional Fourier transform on complex valued functions and quaternionic
fractional Fourier transform, respectively, from [6, 26, 32]. The fractional Fourier transform F,(f)
of a suitable complex valued function f on R is defined by

Fulf) (1) = / F(O)Kalt,u)dt Vu € R,
R

where
) pia(a) (@ +u)-uth() o ¢ 77,
2
Ka(t7 u) = 5(t _ u)’ [ RS 27TZ7
L8(t + u), atme s,

t
ala) = C02 047 b(a) = seca and ¢(a) = /1 —icota and a € R\ 7Z. Following the definition of

quaternionic Fourier transform in [14], the fractional Fourier transform of quaternion valued function
f € LY(R,H) is defined in [32] by

Foal(f) = Falfi) + jFalf2), where [ = fi+jfo. @)

Then JF,, is extended to L?(R,H) as a Hilbert space isomorphism, as in the case of classical Fourier
transform. Further, we also have F, 0 F3 = Fo45 on L?(R,H) and F, is the identity operator if
a = 0. Thus, 3";1 =F_..

Definition 2. For f € L*(R,H) and g € L*(R,H), define

(f*a 9)(x) = (fi* g1 — Foaafox g2) + j(F-2af1 x g2+ f2 % g1),

where % is the convolution defined in [40] (Definition 1) as follows:

*g)(z) = C(Oé)em(o‘)’”2 fxq)(z) an Fla) = e (@2” f(5
(F*9)(e) = SO (Fag)(a) and la) = e f(a), ®

Theorem 1 (convolution theorem, [32]). For f € L?*(R,H) and g € L'(R,H), we have
Folf *a g)(u) = .7’-'04(f)(u)]—"a(g)(u)e*"a(o‘)“2 for all u € R.
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3. Quaternionic fractional fourier transform on Boehmians. A class of generalized functions,
called Boehmian space with two convergences, was introduced by P. Mikusinski [23]. Since most of
the Boehmian spaces of functions are larger than dual spaces of suitable function spaces, a number of
papers on extensions of integral transforms in the context of Boehmian spaces have been published.
To mention a few recent papers, we refer to [8, 11, 12, 19, 27, 28, 31, 33, 34, 36]. A complete list of
papers on Boehmians is available in the following link http://mikusinski.cos.ucf.edu/boehmians.pdf.

In particular, Boehmians of quaternion valued functions were constructed, for the purpose of
extending quaternionic integral transforms, for example, quaternionic wavelet transform [1], quater-
nionic ridgelet transform [2], quaternionic Gabor transform [3], quaternionic Stockwell transform [4]
and quaternionic curvelet transform [5]. In this line, we provide an extension of the quaternionic
fractional Fourier transform to a Boehmian space of quaternion valued functions.

Let us recall the abstract construction of Boehmian space from the literature [23, 24]. Let G be a
complex topological vector space, (.5, -) be a commutative semigroup, o: G x S — G be satisfying
the following conditions:

1) (a+b)os=aos+bosVa,be G, VseS;

2) (ka)os=r(aos) Vk € C,Va€qG, VseS,

3) ao(s-t)=(aos)ot Vae G, Vs, t €8S,

4) ifa, >aasn—ocoin G and s € S, then a, 0 s — aos as n — oo,
and A be a collection of sequences from .S with the following properties:

1) if (sp), (tn) € A, then (s, - t,,) € A,

2) if a, — a in G as n — oo and (s,) € A, then a, 08, — a as n — oo in G.

A pair of sequences ((ay), (s,)) with a, € G forall n € N and (s,) € A is called a quotient if

(an)

Gn O Sy, = QO S, Tor all m,n € N, and it is denoted by ﬁ An equivalence relation ~ is defined
Sn

on the collection of all quotients by

(an) (bn)

~

(sn) (tn)

Every equivalence class induced by ~ is called a Boehmian and the collection of all Boehmians
B =B(G,(S,),0,A) is a vector space over C with respect to the addition and scalar multiplication
defined as follows:

iR (il e SR (o Ml

(aoty)

n

n n n b?’b
is arbitrary and the operation o is also extended as {(a )] ov = [(a ° U)] and [(a )] o [( )] =

) (Sn) (Sn) (Sn> (tn)
n tn n n
_ [(a O( +t )OS )} , whenever v, b, € S forall n € N.

Sn tln

Definition 3 (J-convergence). A sequence (B,,) of Boehmians is said to -converge to B in B

if there exist an ., ar, € G, n,k € N and (s;) € A such that B,, = [(?;I;)] , B= [Ezki] and for
k k

. . . é .
each k € N,ay,  — a as n — oo in G. In this case, we write B, — B in B as n — o0.

if a,oty,, =bnos, VYm,n € N.

Every element a € G can be uniquely identified as a member of B by , where (t,) € A
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Definition 4 (A-convergence). A sequence (By,) of Boehmians is said to A-converge to B in

B if there exist a, € G for all n € N and (s,,) € A such that (B, — B) o s,, = [(a’(‘oj’f)} and
Sk

an — 0 as n — oo in G. In this case, we write BngB in B as n— oo.

It should be noted that although G is mentioned as a complex vector space in the abstract
construction of the Boehmian space B(G, (5, ), 0, A), this constraint could be relaxed by taking G
as a left-module over quaternions.

In a problem of extending an integral transform to the context of Boehmians, the crux is proving
the convolution theorem for the integral transform, and constructing the suitable Boehmian space(s)
by proving the auxiliary results of their constructions. If this part is done properly, the definition of
the extended integral transform and its properties will be obtained by straightforward arguments. In
this paper, we shall first construct the Boehmian space

fBz

*

o« B(Lz(Rv H)7 (Ll(Ra (C), *)*aa Aoe)7

where A, is the collection of all sequences (&,) from L'(R,C), called delta sequences, satisfying
the following conditions:

1) / S (£)e 1O gt = 1 v € N;
R

2) / |0, (t)|dt < M ¥n € N, for some M > 0;
R

3) support of d,(t) — {0} as n — oo; that is, given ¢ > 0, there exists N € N such that
support of 0,, C (—¢,&) ¥n > N,
and *,, * are as defined in Definition 2. We observe that *,, is a binary operation on L!(R, H), and
it is not commutative, as the multiplication on H-is not commutative. So, we choose (L!(R,C), %)
as the commutative semigroup, from which the delta sequences are to be taken. It is interesting to
note that x, coincides with x, whenever f and g are complex valued functions such that f g exists.
Now we prove the auxiliary results required to construct the Boehmian space BZQ.

Lemma 1. [f f € L*(R,H) and g € L*(R,H), then f %, g € L*(R,H).

Proof. If f = f1 +jf2, g = g1 + jgo, then f1, fo € L*(R,C), g1,92 € L'(R, C) and, hence,
F oaf1, F-oaf2 € L*(R,C). Therefore, by using the fact that

% Al2 = lliw* Alla < [lll2l|All1,  whenever € L*(R,C) and X € L'(R,C),

we get f1 % g1, F_oaf2 * 2, f2 % g1, F—2af1 x 91 € L*(R,C). Thus, we have [ %o g € L*(R, H).
Lemma 2. [f f,g € L*(R,H), h € LY(R,H), and q € H, then (f + g) xa h = fxa h +g*a h
and (Qf) *a h = Q(f *o h)
Proof. We observe that using (u + v) * A = u* A + v % A\, we can prove that
(W+v)«X=puxA+vxX VYu,veL*(R,C), A LY(R,C).

Therefore, for f = fi1 + jf2, g = g1 + jg2, h = h1 + jha, then

(f +9) *xa h=[fi +g1] x h1 — F_2a[f2 + g2] * ho+

+i(F-2alfi +g1] x ho + [f2 + g2] x h1) =
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QUATERNIONIC FRACTIONAL FOURIER TRANSFORM FOR BOEHMIANS 817
= [fi+ g1l x b1 — [Foaafo + Fooaga] * hat
+5([F-2aft + F-2ag1] x ha + [fo + g2] x h1) =
(since F_2, and complex conjugation are linear)
= fixhi+g1xh1 — F aafa*hg — F_90g2 * ha+
+5(Fooafi x h1 + F-00gi * ha + fox h1 + gax hy) =
= [fi*xh1 — Fooafox ho + j(F-2af1 x ha + fo* h1)]+
+[g1 % b1 — F2ag2 * ha + j(F-20g1 * ha + g2 % h1)] =

= fxq h 4+ g *q h.
If 7 € C, then using (7u) *x v = 7(u * v), we can prove that

(TH) %0 V = T(l %o V). 4)
Next, by a direct computation, we have

G(f *a h) = j[fix b1 — F_oafo* ha] — (F_aafi *x ha + fax h1) =

= jlfi *x 1] — j[F-aafa* ho] — F_oafi *ho — fax by

and

(]f) *o h = (_f2 +jf1)*a (hl +jh2) -

= —foxh1 — Fooafoxha — Fonfi x ha + 5(f1 x hy),

which implies that
G(f *ah) = (i) * D )
Finally, for ¢ = ¢1 + jgo € H,

(@f) *a h = (a1 f + ja2f) %a h =
(since multiplication is distributive over addition in H)
= [(q1.f) *a h] + [(4g2f) *a h]  (by the first assertion of this lemma) =
= q1(f *a h) + ja2(f *xa h) (by (4) and (5)) =

= (QI +jQQ)(f *a h) = q(f *a h)

Lemma 2 is proved.
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Lemma 3. If f, — f in L>(R,H) as n — oo and h € L'(R,H), then f, xo h — f %o h in
L*(R,H) as n — oo.
Proof. First, we observe that

lxvlz = lluxvlz < llull2llvl Yo e LX(R,C), ve LY(R,C),
which implies that
fin*v — pxvin L*(R,C) whenever p, —pu in L*(R,C) as n — oo. (6)

If fr, = fa1+37fn2 forall Vn € Nand f = f1+jfo, then by (1), we have f,,,— f, = 0asn — oo
for r € {1, 2}. Therefore, by (6), we get that (f,, , — fr) x hs — 0 as n — oo for r, s € {1,2}. By
using (6) and continuity of F_,, we obtain that

(fni—fi)*h1 =0 as n— oo,

F2a(fnz—fa)xha =0 as n— oo,

(Fo2a(fna — fi)xha =0 as n— oo,

(fno2—f2)*h1 =0 as n— oo,
and, hence, again using (1), we have

[(fa = J1) x h1 — Foa(fn2 — f2) x ha] + j[(F=2a(fa1 — f1) * ha + (fn2 — f2) x 1] = 0

as n — 00. Thus, f, %o b — f % h in L2(R,H) as n — oo.

Lemma 4. If f € L*(R,H) and (6,) € Aa, then f xq 6, — f in L*(R,H) as n — oo.
Further, if f, — f in L*(R,H) as n — oo, then f, xo 0p — f in L*>(R,H) as n — oo.

Proof. From [40], it is well-known that the above lemma is true if f and f,, are complex valued
functions. Assuming this fact, and using the continuity of F_s,, one can prove the above lemma, as
in the proof of the previous lemma.

In the next section, we shall define the extended quaternionic fractional Fourier transform on Bfﬂ.
As the codomain of the extended quaternionic fractional Fourier transform, we introduce another

Boehmian space
B2, = B(L*(R,H), L' (R,C), ®q, An),

where (f ©q 9)(z) = f(2)g(z)e’™®** for all € R, and A, = {(Ful(d,)): (5n) € An}. By
the convolution theorem for quaternionic fractional Fourier transform (Theorem 1), it is clear that
Folf *a 9) = Fa(f) ®a Falg). Therefore, all the auxiliary results for constructing this Boehmian
space could be obtained by applying the convolution theorem for quaternionic fractional Fourier
transform in the corresponding results for the construction of BEQ.

4. Extended quaternionic fractional Fourier transform. For a given Boehmian B € BZQ, we

define the extended quaternionic fractional Fourier transform of B by the Boehmian [M} €
€ B%a, where E?@ is an arbitrary representative of B. Since
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fn*a Om = frn *a 6n Vm,n €N,
applying the convolution theorem for quaternionic fractional Fourier transform, we get
Folfn) Oa FalOm) = Falfm) Oa Faldn) VYm,n € N.
(9n)

F . : . .
(Fa(fn)) represents a Boehmian in B%a. Further, if = is another representative of B, by
€

" (Fa(dn)) - -
applying the convolution theorem, we get that M is equivalent to E}_O‘Egn;g

(Fa(0n))

extended quaternionic fractional Fourier transform &, : BEQ — B%a is well defined. As the proofs
of the following theorems are similar to that of any integral transform on Boehmians satisfying the
convolution theorem as in Theorem 1, we prefer to omit the details. For example, we refer to [18].
Theorem 2. The extended quaternionic fractional Fourier transform F, on Bza is
1) consistent with the quaternionic fractional Fourier transform on L*(R,H) as defined in (2);
2) a H-linear map;
3) an injective map;
4) a continuous map with respect to d-convergence as well as A-convergence;

5) Fa(B*C) = (FaB)®a(FaC) VB,C € B2 with C = [(gn)} and g, € L'(R,C) ¥n € N.

(en)
Theorem 3. Let X = [(]__((I)(g)))} € fBéa. Then X is in the range of F,: Bfa — B%a iff
e n
there ®,, belongs to the range of F, : L*(R,H) — L*(R,H) for all n € N.

5. Conclusion. In this paper, we extended the one-dimensional quaternionic fractional Fourier
transform to a suitable space of Boemians and obtained its properties consistency, continuity, linearity,
etc. The quaternionic linear canonical transform [17] generalizes the fractional Fourier transform and
quaternionic Fourier transform simultaneously by providing a suitable generalized kernel. Likewise,
the present work is also generalizing the quaternionic fractional Fourier transform of functions and
the Fourier transform on Boehmians simultaneously.

In the application point of view, playing the role of identity for the usual convolution, the Dirac’s
delta distribution ¢ is useful to find the system waiting function g of a filter, in signal processing.
The output of an input signal f passing through a filter with system waiting function g can be simply
calculated by fxg. This tool is useful for the signals represented in frequency domain by the classical
Fourier transform. If a signal is quaternion valued and it is represented in frequency domain by the
fractional Fourier transform, then we need we need a suitable identity for x, to find the system
waiting function of a filter.

Let B = [(fn)

(0n)

one can easily observe that

ol =[Gl e e o= 5] =[Gy = ()

Thus

, and, hence, the

] € B2 and (g,),(\y) € Ay be arbitrary. From the definition of Boehmians,

(en)
(en)

may be helpful for the people working on signal processing those who need a theory of quaternionic
fractional Fourier transform which is applicable on the “identity” for *.

Therefore, if we denote I = [ ], then B x, I = B is anlogous to f *xd = f. So this work
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