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ON SOME IDENTITIES INVOLVING CERTAIN HARDY SUMS
AND KLOOSTERMAN SUM

ПРО ДЕЯКI ТОТОЖНОСТI IЗ ПЕВНИМИ СУМАМИ ГАРДI
ТА СУМОЮ КЛООСТЕРМАНА

We give a new reciprocity theorem for the Hardy sum s5(h, p). Also, a hybrid mean value problem involving the Hardy
sum s4(h, p) and Kloosterman sum is studied and two exact computational formulae are obtained.

Запропоновано нову теорему взаємностi для суми Гардi s5(h, p). Крiм цього, вивчається гiбридна задача про середнi
значення, яка мiстить суму Гардi s4(h, p) i суму Клоостермана, та отримано двi точнi обчислювальнi формули.

1. Introduction. Let

((x)) =

\left\{   x - [x] - 1/2, if x \in \BbbR \setminus \BbbZ ,

0, if x \in \BbbZ ,

with [x] being the largest integer \leq x. For positive integer p and integer h the classical Dedekind
sum s(h, p), arising in the theory of Dedekind \eta -function, were introduced by R. Dedekind in 1892
by

s(h, p) =

p\sum 
a=1

\biggl( \biggl( 
a

p

\biggr) \biggr) \biggl( \biggl( 
ha

p

\biggr) \biggr) 
.

Perhaps the most important property of Dedekind sums is the reciprocity theore

s(h, p) + s(p, h) =  - 1

4
+

1

12

\biggl( 
h

p
+

p

h
+

1

hp

\biggr) 
, (1.1)

when (h, p) = 1 (for basic properties see [9]). The arithmetic properties of Dedekind sums were in-
vestigated by many authors (see, for example, [12, 14, 15]). J. B. Conrey et al. [4] dealt with the mean
value distribution of Dedekind sums and achieved an asymptotic formula for

\sum p

h=1

\prime | s(h, p)| 2m ,

where the dash denotes the summation over all 1 \leq h \leq p such that (h, p) = 1. Moreover,
H. Valum [11] derived a relation between the mean square value of s(h, p) and the fourth power
mean of Dirichlet L-function.

Similar arithmetic sums arise in the theory of logarithms of the classical theta functions. They
are studied by Hardy and Berndt, and for this reason they are called Hardy or Hardy – Berndt sums.
There are six such sums, two of which are [2, 6]

s4(h, p) =

p - 1\sum 
a=1

( - 1)[ha/p],

s5(h, p) =

p - 1\sum 
a=1

( - 1)a+[ha/p]

\biggl( \biggl( 
a

p

\biggr) \biggr) 
.
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Goldberg [6] showed that these sums also arise in the theory of rm(n), the number of representations
of n as a sum of m integral squares and in the study of the Fourier coefficients of the reciprocals
of the classical theta functions. Like Dedekind sums, these Hardy sums also satisfy a reciprocity
(or reciprocity-like) formula [2, 6]. R. Sitaramachandrarao [10] expressed these sums in terms of
classical Dedekind sums. For example,

s4(h, p) =  - 4s(h, p) + 8s(h, 2p), if h is odd. (1.2)

Recently, Du and Zhang [5] have studied the computational problem of Dedekind sums and estab-
lished a new reciprocity formula by using analytic method and the properties of Dirichlet L-function.
That is, they gave the following theorem.

Theorem 1.1 ([5], Theorem 1). Let h and p are two positive odd numbers with (h, p) = 1.

Then

s (2\=p, h) + s
\bigl( 
2\=h, p

\bigr) 
=

h2 + p2 + 4

24hp
 - 1

4
, (1.3)

where \=p and \=h satisfy the congruence p\=p \equiv 1 (\mathrm{m}\mathrm{o}\mathrm{d}h) and h\=h \equiv 1 (\mathrm{m}\mathrm{o}\mathrm{d} p).

On the other hand, the mean value of Hardy sums or hybrid mean value involving Hardy sums
and other celebrated sums are intensively studied. For example, the authors of [13] discussed the
hybrid mean value involving certain Hardy sums and Kloosterman sum, defined for any positive
integer p > 1 and integer n by

K(n, p) =

p\sum 
a=1

\prime e

\biggl( 
na+ \=a

p

\biggr) 
,

where \=a denotes the solution of the congruence xa \equiv 1 (\mathrm{m}\mathrm{o}\mathrm{d} p), the dash denotes the summation
over all 1 \leq a \leq p such that (a, p) = 1 and e(x) = e2\pi ix. They obtained exact computational
formulas

p - 1\sum 
m=1

p - 1\sum 
n=1

K(m, p)K(n, p)S (2m\=n, p)

and

p - 1\sum 
m=1

p - 1\sum 
n=1

| K(m, p)| 2 | K(n, p)| 2 S (2m\=n, p) ,

where S(h, p) is one of the Hardy sums. Some elementary properties of K(n, p) can be found in
[3, 7]. Peng and Zhang [8] investigated the hybrid mean value involving s5(h, p) in order to help to
achieve several identities between Hardy sums and Kloosterman sums.

As mentioned in [8], little about s5(h, p) is known. Thus, it is meaningful to continue to study
the properties of s5(h, p).

In this paper, firstly, we give following new reciprocity theorem for Hardy sum s5(h, p) by
applying rather elementary method.
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Theorem 1.2. Let h and p are odd primes. Then we have

s5 (2\=p, h) + s5
\bigl( 
2\=h, p

\bigr) 
=

1

2
 - h2 + p2

4hp
,

where \=p and \=h satisfy the congruence p\=p \equiv 1 (\mathrm{m}\mathrm{o}\mathrm{d}h) and h\=h \equiv 1 (\mathrm{m}\mathrm{o}\mathrm{d} p).

Secondly, using the properties of Gauss sums and mean value theorems of Dirichlet L-function,
we obtain the following conclusions for Hardy sum s4(h, p) and Kloosterman sum in order to help
to obtain further relations between these sums.

Theorem 1.3. Let p be odd prime, then we have

p - 1\sum 
m=1

p - 1\sum 
n=1

K(m, p)K(n, p)s4 (m\=n, p) = p2(p - 1).

Theorem 1.4. Let p be odd prime, then we obtain

p - 1\sum 
m=1

p - 1\sum 
n=1

| K(m, p)| 2 | K(n, p)| 2 s4 (m\=n, p) =

=

\left\{         
p3(p - 1), if p \equiv 1 (\mathrm{m}\mathrm{o}\mathrm{d} 4),

p3(p - 1) - 36p2h2p, if p \equiv 3 (\mathrm{m}\mathrm{o}\mathrm{d} 8),

p3(p - 1) - 4p2h2p, if p \equiv 7 (\mathrm{m}\mathrm{o}\mathrm{d} 8),

where hp denotes the class number of the quadratic field \BbbQ 
\bigl( \surd 

 - p
\bigr) 
.

2. Preliminaries. In order to prove our theorems, we will need some lemmas. Hereinafter, we
shall use many properties of Gauss sums, all of which can be found in [1].

Lemma 2.1. Let p be an odd prime. Then, for any odd number h with (h, p) = 1, we have

s5(h, p) = 2s(h, p) - 4s (\=2h, p) ,

where \=2 satisfies the congruence 2\=2 \equiv 1 (\mathrm{m}\mathrm{o}\mathrm{d} p).

Proof. See [8] (Lemma 2.3).
Lemma 2.2. Let p > 2 be an integer, then, for any integer h with (h, p) = 1, we obtain

s(h, p) =
1

\pi 2p

\sum 
d| p

d2

\phi (d)

\sum 
\chi mod d

\chi ( - 1)= - 1

\chi (h) | L(1, \chi )| 2 ,

where L(1, \chi ) is the Dirichlet L-function corresponding to the character \chi \mathrm{m}\mathrm{o}\mathrm{d} d and \phi (p) is the
Euler function.

Proof. See Lemma 2 of [14].
Lemma 2.3. Let p be an odd prime. Then, for any nonprincipal character \chi \mathrm{m}\mathrm{o}\mathrm{d} p, we have

p - 1\sum 
n=1

\chi (n) | K(n, p)| 2 = \=\chi ( - 1)
\tau 3(\chi )\tau 

\bigl( 
\=\chi 2
\bigr) 

\tau (\=\chi )
,

where \tau (\chi ) denotes the Gauss sum.
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Proof. This is Lemma 1 of [13].
Lemma 2.4. Let p be an odd prime. Then we obtain

\sum 
\chi mod p

\chi ( - 1)= - 1

| L(1, \chi )| 2 = \pi 2

12

(p - 1)2(p - 2)

p2

and \sum 
\chi mod p

\chi ( - 1)= - 1

\chi (2) | L(1, \chi )| 2 = \pi 2

24

(p - 1)2(p - 5)

p2
.

Proof. See [13] (Lemma 5).
3. Proofs. This section is devoted to complete the proof of theorems.
3.1. Proof of Theorem 1.2. Employing Lemma 2.1 repeatedly, one can write

s5
\bigl( 
2\=h, p

\bigr) 
= 2s

\bigl( 
2\=h, p

\bigr) 
 - 4s(h, p) (3.1)

and
s5 (2\=p, h) = 2s (2\=p, h) - 4s(p, h), (3.2)

where we have used the fact that if positive integers n and q satisfying (n, q) = 1. Then s(n, q) =

= s (\=n, q) , where \=n satisfies the congruence n\=n \equiv 1 \mathrm{m}\mathrm{o}\mathrm{d} q.

Adding (3.1) and (3.2), then applying reciprocity formulas (1.1) and (1.3) give the desired result.
3.2. Proof of Theorem 1.3. Before beginning the proof, we should prove the following relation.
Lemma 3.1. For odd prime p and any odd number h with (h, p) = 1, we have the identity

s4(h, p) = 20s(h, p) - 8s(2h, p) - 8s (\=2h, p) ,

where \=2 satisfies the congruence 2\=2 \equiv 1 (\mathrm{m}\mathrm{o}\mathrm{d} p).

Proof. From (1.2) and Lemma 2.2, one has

s4(h, p) =  - 4s(h, p) + 8s(h, 2p) =

=  - 4s(h, p) +
4

\pi 2p

\sum 
d| 2p

d2

\phi (d)

\sum 
\chi mod d

\chi ( - 1)= - 1

\chi (h) | L(1, \chi )| 2 . (3.3)

Since the divisors of 2p are 1, 2, p, 2p and

s(h, p) =
1

\pi 2

p

p - 1

\sum 
\chi mod p

\chi ( - 1)= - 1

\chi (h) | L(1, \chi )| 2 ,

the right-hand side of (3.3) becomes

 - 4s(h, p) +
4p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\chi (h) | L(1, \chi )| 2+
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+
16p

\pi 2(p - 1)

\sum 
\chi mod 2p
\chi ( - 1)= - 1

\chi (h) | L(1, \chi )| 2 =

=
16p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\chi (h)\lambda (h) | L (1, \chi \lambda )| 2 , (3.4)

where \lambda denotes the character \mathrm{m}\mathrm{o}\mathrm{d}2. Now, from the Euler product formula, we obtain

| L (1, \chi \lambda )| 2 =
\prod 
p1

\bigm| \bigm| \bigm| \bigm| 1 - \chi (p1)\lambda (p1)

p1

\bigm| \bigm| \bigm| \bigm|  - 2

=

=
\prod 
p1>2

\bigm| \bigm| \bigm| \bigm| 1 - \chi (p1)

p1

\bigm| \bigm| \bigm| \bigm|  - 2

=

\bigm| \bigm| \bigm| \bigm| 1 - \chi (2)

2

\bigm| \bigm| \bigm| \bigm| 2\prod 
p1

\bigm| \bigm| \bigm| \bigm| 1 - \chi (p1)

p1

\bigm| \bigm| \bigm| \bigm|  - 2

=

=

\biggl( 
5

4
 - \chi (2)

2
 - \=\chi (2)

2

\biggr) 
| L(1, \chi )| 2 . (3.5)

Thus, substituting (3.5) in (3.4) completes the proof.
We proceed to the proof of Theorem 1.3. Notice that if \chi is nonprincipal character \mathrm{m}\mathrm{o}\mathrm{d} p, then

| \tau (\chi )| = \surd 
p and

p - 1\sum 
m=1

\chi (m)K(m, p) =

p - 1\sum 
a=1

p - 1\sum 
m=1

\chi (m)e

\biggl( 
ma+ \=a

p

\biggr) 
=

\bigm| \bigm| \tau 2(\chi )\bigm| \bigm| = p.

So, it follows from Lemmas 2.4 and 3.1 that

p - 1\sum 
m=1

p - 1\sum 
n=1

K(m, p)K(n, p)s4 (m\=n, p) =

=
20p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\bigm| \bigm| \bigm| \bigm| \bigm| 
p - 1\sum 
n=1

\chi (n)K(n, p)

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

| L(1, \chi )| 2 - 

 - 8p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\chi (2)

\bigm| \bigm| \bigm| \bigm| \bigm| 
p - 1\sum 
n=1

\chi (n)K(n, p)

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

| L(1, \chi )| 2 - 

 - 8p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\=\chi (2)

\bigm| \bigm| \bigm| \bigm| \bigm| 
p - 1\sum 
n=1

\chi (n)K(n, p)

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

| L(1, \chi )| 2 =

=
20p3

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

| L(1, \chi )| 2  - 8p3

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\chi (2) | L(1, \chi )| 2 - 
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 - 8p3

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\=\chi (2) | L(1, \chi )| 2 =

= p2(p - 1),

which completes the proof.
3.3. Proof of Theorem 1.4. If p \equiv 1 (\mathrm{m}\mathrm{o}\mathrm{d} 4), in view of Lemmas 2.3, 2.4 and 3.1, we have

p - 1\sum 
m=1

p - 1\sum 
n=1

| K(m, p)| 2 | K(n, p)| 2 s4 (m\=n, p) =

=
20p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\bigm| \bigm| \bigm| \bigm| \bigm| 
p - 1\sum 
n=1

\chi (n) | K(n, p)| 2
\bigm| \bigm| \bigm| \bigm| \bigm| 
2

| L(1, \chi )| 2 - 

 - 8p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\chi (2)

\bigm| \bigm| \bigm| \bigm| \bigm| 
p - 1\sum 
n=1

\chi (n) | K(n, p)| 2
\bigm| \bigm| \bigm| \bigm| \bigm| 
2

| L(1, \chi )| 2 - 

 - 8p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\=\chi (2)

\bigm| \bigm| \bigm| \bigm| \bigm| 
p - 1\sum 
n=1

\chi (n) | K(n, p)| 2
\bigm| \bigm| \bigm| \bigm| \bigm| 
2

| L(1, \chi )| 2 =

= p3(p - 1).

If p \equiv 3 (\mathrm{m}\mathrm{o}\mathrm{d} 4) , then we have the Legendre symbol

\biggl( 
 - 1

p

\biggr) 
= \chi 2( - 1) =  - 1, L(1, \chi 2) = \pi hp/

\surd 
p

and

\tau 
\bigl( 
\chi 2
2

\bigr) 
=

p - 1\sum 
a=1

\biggl( 
a

p

\biggr) 2

e

\biggl( 
a

p

\biggr) 
=  - 1.

Hence, using Lemma 2.3 and proceeding as in the proof of Theorem 1.3 yield that

p - 1\sum 
m=1

p - 1\sum 
n=1

| K(m, p)| 2 | K(n, p)| 2 s4 (m\=n, p) =

=
20p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\bigm| \bigm| \bigm| \bigm| \bigm| 
p - 1\sum 
n=1

\chi (n) | K(n, p)| 2
\bigm| \bigm| \bigm| \bigm| \bigm| 
2

| L(1, \chi )| 2 - 

 - 8p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\chi (2)

\bigm| \bigm| \bigm| \bigm| \bigm| 
p - 1\sum 
n=1

\chi (n) | K(n, p)| 2
\bigm| \bigm| \bigm| \bigm| \bigm| 
2

| L(1, \chi )| 2 - 
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 - 8p

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\=\chi (2)

\bigm| \bigm| \bigm| \bigm| \bigm| 
p - 1\sum 
n=1

\chi (n) | K(n, p)| 2
\bigm| \bigm| \bigm| \bigm| \bigm| 
2

| L(1, \chi )| 2 =

=
20p4

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

| L(1, \chi )| 2  - 16p4

\pi 2(p - 1)

\sum 
\chi mod p

\chi ( - 1)= - 1

\chi (2) | L(1, \chi )| 2 - 

 - 20p3

\pi 2
| L(1, \chi 2)| 2 +

16p3

\pi 2

\biggl( 
2

p

\biggr) 
| L(1, \chi )| 2 =

= p3(p - 1) - 20p2h2p + 16p2
\biggl( 
2

p

\biggr) 
h2p =

=

\left\{   p3(p - 1) - 36p2h2p, if p \equiv 3 (\mathrm{m}\mathrm{o}\mathrm{d} 8) ,

p3(p - 1) - 4p2h2p, if p \equiv 7 (\mathrm{m}\mathrm{o}\mathrm{d} 8) ,

where we have used that

\biggl( 
2

p

\biggr) 
=  - 1 if p \equiv 3 (\mathrm{m}\mathrm{o}\mathrm{d} 8) and

\biggl( 
2

p

\biggr) 
= 1 if p \equiv 7(\mathrm{m}\mathrm{o}\mathrm{d} 8). So, the

proof is completed.
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