
1953 YKPAI1HCKI111 .MATEMATI14ECKI111 )I(YPHAJI 
HHCTHTYT MATEMATHKH 

T. V, N2 2 

0 npu6JIH:>KeHHOM perneHHH CHCTeM HeJIHHeHHbiX ypaBHeHHH 

ll,. C/J. ll,aauoeHKo 

flp116JII1):!{eHHOe perneHI1e CI1CTeM HeJII1HeHHbiX aJire6paH'IeCKHX 11 TpaHC

UeH~eHTHhlX ypaBHeHI1H 

Fk(Xt, X2, . .. , Xn) = 0, k = I, 2, ... , n (I) 

11MeeT B3):!{HOe 3HaqeHI1e B p33JII1qHbiX pa3~eJiaX <fJ11311KI1 11 TeXH11KI1. 0~H3KO 

MeTO~'bl perneHI1H TaKI1X CI1CTeM BeCbMa HeMHOrQqi1CJieHHbl, 11 K TOMY ):!{e 

OH11 He Bcer~a y~oBJieTBopmoT Tpe6oBaHI1HM npaKTI1K11. 

flp11 perneHI111 yKa3aHHbiX CI1CTeM B HaCTO.Hlll.ee BpeMH np11MeHHIOT ope11-

Mylll.eCTBeHHO MeTo~ HbiOTOHa, 11Tepau1111 11 rpa4J11qecK11e MeTO~bi 1• IlpaKTI1-

qecKHe He~OCTaTKI1 3TI1X MeTO~OB XOpOillO 113BeCTHbl. 

TaK, np11 np11MeHeHI111 MeTo~a Hb!OTOHa Ba*HYIO poJih 11rpaeT Bbi6op 

nepBbiX np116JII1):!{eHI1H K perueHI1HM. L(JIH '3TOfO Ha npaKTI1Ke 06hJqHQ np11-

6era!OT K rpa4J11qeCKI1M MeTO~aM, np11MeHeHI1e KOTOpbiX ]{ CI1CTeMaM 6oJiee 

qeM c TpeMH Hei13BeCTH'hiMI1 HBJIHeTCH q_pe3BhJqai1Ho CJIO):!{HbiM. KpoMe Toro, 

~JI51 []OJiyqeHI1H TQqHQfO pe3yJihTaTa He06XO~I1MO MHOfOKpaTHOe []0BTOpeHI1e 

npouecca, 11 np11 K3):!{~0M mare np11XO~I1TCH p e ruaTb CI1CTeMy •111HeHHbiX 

ypaBHeHI1H. 

MeTo~ HhiOTOHa cTaHOBI1TCH Heop11MeHHMhiM, ecJm <PYHKU110HaJibHbiH 

D (F1 , F2, . .. , Fn) 
onpe~eJII1TeJih D ( ). o6parn.aeTCH B HYJih B ToqKe, 51BJI5110-

x1,x2,~··,xn 

rn.eHC51 HCKOMb!M perneHI1eM CI1CTeMbl (I), 11JII1 B MaJIOH OKpeCTHOCTH 3TOH 

ToqKI1. 06parn.eHI1e B HYJib <fJYHKU110HaJibHoro onpe~eJII1TeJIH 03HaqaeT 11.rm: 

a) HaJJHql1e KpaTHOfO perneHI1H 11JII1 6) HaJII1ql1e ~BYX (11JIH 6oJiee) 6JI113KI1X 

perneHI1H • 

.MeTO~ 11TepaLL1111 MO):!{HO np11MeHHTb K perueHI110 CI1CTeM ypaBHeHI1H (I) 
JII1lllb TOJihKO B TOM CJiyqae, eCJII1 y~aeTC51 npe~Bap11TeJihHO npeo6pa30B3Tb 

ee K BI1~Y 

X;= w;(Xt, X2, ..• , Xn), i = I, 2, ... , n (2} 

TaK, qT06bJ BO BCeX TQqKaX B HeKOTOpOH OKpeCTHOCTI1 pellleHI151 C06JIIO~aJII1Cb 

CJie~yiOlli,I1e yCJIOBI151: 

I ow1 I + \ aw2 1 + ... + I own I < m < 1, 
oxi OX; oxi 

(3) 

i=1,2, ... ,n. 

I 06 9THX MeTO,ll.aX CM., HanpHMep, ( I]. 
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TaKoe npeo6pa3oaanue WlJJeKo ne acert~:a yt~:aeTCH BhlllOJJHHTh 6e3 3aTpy.u:

HeHHH. 

3t~:eCh HaH60JJee CJIO:tKHbiM H BalliHbiM HBJJHeTCH llOJIYqeHHe t(OCTaTO'l"HO 

Toqnoro ucxo.u:noro npu6JJHllieHHH, KaTopoe o6ecne'l"HJJO 6bi npeo6pa3oBaHHe 

CHCTeMbl ypaBHeHHH, t(aHHOH B npOH3BOJ!bHOM BH):(e, K BHtl:Y (2) C C06JIIIO

t(eHHeM ycJJOBHH (3). 
B neKoTopbiX CJJy'laHx MeTO.U: HTepali,HH aoace He CJiet~:yeT npuMeHHTh,' 

TaK KaK CXO):(HMOCTb era MOllieT OKa3aThCH CJ!HiliKOM Me.U:JJeHHOH. BcJJe.U:CTBHe 

3Toro Heo6xot~:HMO 3apaHee HCCJJet~:oBaTh yCJJaBHH cxot~:HMOCTH MeTot~:a 

HTepali,HH. 

3aMeTHM, 'l"TO K pellleHHIO HeKOTOpOrO KJJacca CHCTeM HeJJHHeHHb!X ypaB

HeHHH ( 1) npHMeHHeTCH TaKllie MeTOtJ: 3e_ilt~:eJJH [2]. Ot~:HaKo B HeM coxpa

HHIOTCH BCe npaKTH'leCKHe Het(OCTaTKH 06bJtj"HQfO MeTO):(a HTepail,HH. 

fpacpuqeCKHe MeTO):(bl ):(310T, KaK npaBHJJO, rpy6o llpH6JJH)KeHHb!e 3Ha

<JeHH5! pellleHHH, He BCert(a y t(OBJJeTBOpHIOI.Il,He Tpe6oBaHH5!M npaKTHKH. 

KpoMe Taro, H3Becnw, 'ITO OHH npHBOtJ:HT npH CKOJJh-HH6ytJ:h CJJOlliHhiX ypaa

HeHHHX K aecbMa Tpyt~:oeMKHM BhiKJJat~:Ka M . 

.[(allie B npocTeHilleM CJJytJae IlOCTpOeHHe KpHBOH, COOTBeTCTBYIOI.Il.eH 

ypanHeHHIO F (x, y) = 0, CBH3aHo c yTaMHTeJJbHhiMH BhJtj"HCJieHI1HMH, TaK KaK 

t(JIH onpet~:eJJeHHH 3HatJeHHH y, COOTBeTCTBYIOI.Il.HX onpet~:eJJeHHOMY 3HatJeHHIO 

x = Xo, nat~:o pelliHTb ypanneHHe F (xo, y ) = 0. 
K pellleHHIO cHcTeM ypanneHHH 6oJJee tJeM c TpeMH HeH3BecT

HhiMH rpacpHqeCKHe MeTO):(hl, K3K yllie yKa3b!BaJJOCb, npaKTHqeCKH HellpH

MeHHMbl . 

.[(JJH IlpH6JJHllieHHOfO pellleHHH CHCTeM HeJJHHeHHbiX aJJre6paHtJeCKHX 

ypamreHHH MO)KeT T3K)!<e IlpHMeHHTbCH MeTO):( .,HaHCKOpeiflllero CllYCKa" [3]. 
061.Il.aH Ht~:eH 3Toro MeTot~:a BOC_)WtJ:HT ei.Il,e K KalliH, KOTapbiH npet~:JJOlliHJJ ero 

B 1847 r. t(JIH pellleHHH 33):(3'lli 0 MliHIIMyMe cpyHKil,Hli n nepeMeHHb!X II npii

BO):(HI.Il,eHCH K HeH 33):(3'le 0 pellleHHH CHCTeM n 3JJre6paHtJeCKHX ypaBHeHHH 

C n Heii3BeCTHblMH . .[(JJH 061.Il,HX cpyHKI.I,HOH3JibHb!X ypaBHeHHH MeTO):( pa3pa-

6oTaH JI. B. KaHTopoBHtJeM [4]. 
BechMa cyi.Il,eCTBeHHhiM Heyt~:o6cTBOM npaKTHtJecKoro npuMeHeHHH Me

TO):(a HaHCKapeHillero CllYCKa K pellleHHIO CHCTeM HeJJHHeHHbiX aJJre6paiiqe

CKHX ypaBHeHHH 5!BJI5!eTC5! TO, tj"TO llpH Kallit(OM Illare He06XO):(HMO, B0061.Il,e 

I"OBOpH, pelli3Tb HeJJHHeHHOe ypaBHeHIIe. 

CJJet~:yeT 3t(ech TaKllie yKa3aTb na pa60Ty E. Lahaye [5], B KOTopoil 

npet~:JJaraeTCH OJJ.HH cnoco6 npH6JJHllieHJwro pellleHHH neKOToporo KJJacca 

CHCTeM TpaHCil,eH):(eHTHbiX ypaBHeHHH. CyTh .:nora CllOC06a COCTOHT B CJJe

.ll:YIOI.Il,eM. 

CnCTeMa ypaaueunli o6o61.Il,aeTCH BBet~:eHHeM napaMeTpa t TaK, 'ITO nep

BOHatJaJJbHaH CHCTeMa IlOJJyqaeTCH IlpH t = 1. 06a61.Il,eHHaH CHCTeMa pe

IllaeTCH npn OT):(eJJbHhiX 3HatJeHHHX t: to , t1, ... , tk = 1. CnCTeMa npH t0 
MOllieT 6hiTh .TierKo peweHa. CncTeMa npu t i+ l pewaeTCH MeTOtJ:OM HbiOTona, 

H3tj"HH35! C peweHHH CHCTeMbl IlpH f;. 
HeKOTopoe npaKTHqecKoe neyno6cTBO eToro cnoco6a 3aKJJIOqaeTCH 

B TOM, 'ITO TOtj"KH t(eJJeHHH f1, l2, .. . , lk-1 HHTepBaJJa 0-1 IlpHXO):(HTCH Ollpe

t(eJJHTb nyTeM MHOfOKpaTHbiX npo6, IlOCKOJJbKY IlpH IlpOH3BOJ!bHOM BbJ6ope 

f; MeTa):( HbiOTOHa MmKeT oKa3aThCH pacxonHI.Il.HMCH. 
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Ha npaKTHKe otieHb qacro npHXO)J.HTCH HMeTb )J.eJJo TaK>Ke c 6oJJee 

06lUHMH CHCTeMaMH aJJre6paHtieCKHX H rpaHCJJ.eH)J.eHTHblX ypaBHeHHH BH)J.a 

fk(X!, X2, ... , Xn, A)= 0, k = 1, 2, ... , n, (4) 

r)J.e A. - napaMerp, npHHHMaJOlUHH 3a)J.aHHble 3HatieHHH Ha HeKoropoM KO

HetiHOM HHTepBaJJe. 0)J.HaKO 06lUHX MeTO)J.OB rrpH6JJH)KeHHOf0 perueHHH TaKHX 

CHCTeM )1.0 HaCTOHtUero BpeMeHH, HaCKOJJbKO HaM H3BeCTHO, He cyu(eCTByer. 

YJx rrpHXO)J.HTCH pernaTb B OT)J.eJJbHOCTH )J.JJH Ka)K)J.OfO 3a)J.aHHOfO 3HatieHHH 

napaMerpa A. BbJWeyKa3aHHbiMH Mero)J.aMH perneHHH CHCTeM ( 1), 'ITO npaK

rHqecKH Hey)J.06HO, a 11H0f)J.a H BOBCe HeB03MO)KHO. 

0TCIO)J.a CJJe)J.yer rrpH3HaTb He06XO)J.HMbiM pa3BHTHe 06lUHX MeTO)J.OB 

rrpH6JJH)KeHHoro perneHHH yKa3aHHbiX cncreM, Koropb!e y)J.oBJiersopHJJH 6hT 

3arrpOCaM rrpaKTHKH B OTHOWeHHH TO'IHOCTH ITOJJytiaeMb!X pe3yJibTaTOB 11 rrpo

CTOTbl Tpe6yeMblX pactieTOB. 

B HacroHmeu pa6ore Mbi npe)J.JJaraeM O)J.HH o6mnu Mero)J. npH6Jm)KeH

Horo perneHHH CHCTeM ypaBHeHHH ( 4) I1 HX tiaCTHOrO BI1)J.a ( 1), OCHOBaHHbl!~l 
Ha npHMeHeHHH MeTO)J.OB lJHCJieHHOfO HHTerpHpOBaHHH 06b!KHOBeHHbiX )J.mp

cpepeHJJ.HaJJbHb!X ypaBHeHHll nepsoro nopH)J.Ka 1. 

f1pe)J.JiaraeMbiH MeTO)J., KaK HaM Ka)KeTCH, HBJJHeTCH O)J.HHM !13 HaH60JJee 

3cpcpeKTHBHbiX npH perneHHH 3a)J.atJ yKa3aHHoro r11na. OH B O)J.HHaKOBOH Mepe 

np11rO)J.eH KaK )J.JIH perneHH5! CHCTeM aJJre6paHtieCKHX, TaK 11 rpaHCJJ.eH)J.eHT

HbiX ypaBHeHHH. ,[{a)Ke B rex CJJytiaHX, KOr)J.a H3BeCTHhle MeTO)J.bl HenpHMe

HHMbl HJJH Tpy)J.HO npHMeHI1Mbl, HaW MeTO)J. peaJJH3yeTCH Ha npaKTHKe BeCbMa 

npocro H )J.aer y)J.oBJJersopnreJJbHbie pe3yJJbTaTbi. 

CJie)J.yer raK)Ke 3aMeTI1Tb, 'ITO aror MeTO)J. MO}I<eT 6biTb Henocpe)J.CTBeHHO 

npHMeHeH H K BOrrpocy 0 lJHCJieHHOM. perneHHH HeJJI1HeHHbJX HHTerpaJJbHb!X 

ypaBHeHHH. 

0CHOBHOe BHHMaHHe B 3TOH pa6ore y)J.emieTCH MeTO)J.HKe npaKTHtieCKOfO 

HaXO)K)J.eHHH npH6JJH.ll<eHHbiX perneHHH CHCTeM HeJJHHeHHbiX ypaBHeHHH I1 ee 

npHMeHeHHJO K KOHKpenrbiM npHMepaM. Borrpocbi reoperH'-IeCKoro aHaJJH3a 

6biCTp0Tbl CXO)J.HMOCTH MeTO)J.3 6y)J.yT paCCMOTpeHbl B H3WeH CJJe)J.yJOtUeit 

pa6ore. 

B nepsoM naparpacpe pa6oTbi )J.aHbi B o6meM BI1)J.e npamwa npH6JJH

)KeHHoro perneHHH CHCTeM HeJJHHeHHbiX ypaBHeHHH, KOTOpble CO)J.ep)KaT 

ll ce6e napaMeTp A, npHHHM310lUHH 33)J.aHHb!e 3HatieHHH Ha HeKOTOpOM KO

He'IHOM HHrepsaJie. Bo sropoM naparpacpe paccMarpHBaercH npHMeHeHHe 

3THX npaBHJI K perneHHIO CHCTeM ypaBHeHHH, He CO)J.ep)K3lUHX napaMerpa }. 

B rperbeM - H3JJO)KeHHaH MeTO)J.HKa HJJJJIOCTpHpyercH KOHKpeTHbiMH npu

MepaMH. 

§ 1. 

f1yCTb )].aHa CI1CTeMa n ypaBHemfi:f C n HeH3BeCTHbiMH 

fk(x1, X2, ... , Xn, J.) =0, k= 1, 2, . .. , n, ( 1, 1) 

r)J.e A. - napaMerp, npHHHMaJOtUHH 3a)J.aHHbie 3HatieHHH Ha KOHetiHOM HHrep

BaJJe A.o<A.<J..*, 

1 I(paTKoe H3JIOlKeHHe ocHOBHbiX npHHU:Hnos 3Toro MeTo.ua ony6JIHKOBaHo 

s llAH CCCP, T. LXXXVIII, .N'~ 4', 1953. 
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Tipe,DJIOJIO:tKHM, 'ITO np11 HeKoTopoM 3a,LI.aHHOM 3Hal!eHHH napaMeTpa A,. 
CKa:tKeM, A= },o, perueHHe CHCTeMbl ( 1,1) HaM H3BeCTHO: 

(1 ,2) · 

f1p e,LI.nOJIO:tKHM T3K:tKe, 'ITO: 

1) BCe cpyHKJJ,HH fr, f2, . . . , fn onpe,LI.eJieHbl 11 HenpepbiBHbl B HeKOTOpOH 

(n + 1) -M e pHoi'l o6JiaCTH G I:I3MeHeHHH Xr, X2, ... , Xn, A, co,LI.epmarueH: TOl!KY 

(.t;0l, x&0 l, ... , .\:~), Ao); 
2) cyrueCTBYIOT H HenpepbiBHbi B G l!aCTHbie npoH3BO,LI.Hbie OT 3THX 

cpyHKJJ,HH no BCeM apryMeHTaM; 

3) cpyHKJJ,HOH3JibHbiH onpe,LI.eJIHTe.,'Jb 

J- D(/1, /2, ... , !,.) 
- D(x11 x~~) 

B TO'!Ke (x~ll, x~0l, .. . , x~l, 1..0) OTJIHl!eH OT HYJI5L 

Tpe6yeTCH HaHTH npu6JIH:tKeHHbie pemeHHH CHCTeMbi ( 1,1) ,LI.JIH 3a,LI.aH

HblX 3 Hal!eHHH napaMeTpa A> J.0 . 

Jl,JIH HaXO)K,LI.eHHH yKa3aHHblX pemeHHH noCTynaeM cJie,LI.yJOIUHM o6pa30M. 

f1pi:IHHM3H napaMeTp A 33 He33BHCI:IMYIO nepeMeHHYIO H C'IHT3H 

Xr, X 2, ..• , Xn cpyHKJJ,l:IHMH OT 3TOH nepeMeHHOH, ,LI.I:IcpcpepeHUHpyeM ypaBHe!IHH 

( 1,1) no A. B pe3yJibT3Te noJiyl!HM CHCTCMY JIHHeHHbiX ypaBHeHHH OTHOCH-

TeJibHO HeH3BeCTHbiX ~- (r = 1, 2, ... , n): 

~n q[k . dxr-- o!k 
i} d - , k= 1, 2 ••. , n. 

r= t x, A. ()/.. 
(1,3) 

TiycTb onpe,LI.eJIHTeJih 3Toi'! CI:ICTeMbi so scex TOl!Kax o6JiaCTH G OTJIH

l!eH OT HYJIH, T . e. 

D (f 1, f w · · , f n) A ( ·) 0 
D( ) =a Xr. x 2, .. . , Xn, ). =F • 

Xt. x 2 , • • ., Xn 

Pa3perui1B CHCTe'l1y (J ,1) OTIIOCHTeJibHO rrpOH3BO,LI.HbiX 

noJiyl!HM 

~I (r = I , 2, ... , n), 

dx, _ Ll,(x~o x2, ... , x,1, i,) _ v ( . ) 
-d' - A(---- - - --=-)- - r,. x1, x2,- . . , Xm A, 

-. a x 11 x~, . .. , x,, J.. 

r=l, 2, ... , n, 

(1,4) 

me Ll, (x, , X2, ... , Xn, },) ( r = 1, 2, .. . , n) - onpe,LI.eJIHTeJIH, noJiyl!aJOIUHeCH 

H3 onpe,LI.eJinTeJIH cncTeMbi (I ,3) nyTeM 3a MeHbi 3JieMeHTOB r-ro cToJI6ua 

CB060,LI.HbiMH lJJieHaMH. 

Ol!eBH)J.HO, liTO Kpi:IBaH 

Xr = Xr (A), X2 = X 2 (A), ... , Xn = Xn (i.), (I ,5) 

onpe,LI.eJIHeMaH CHCTeMOH (I , I) H npoXO,LI.HIU3H l!epe3 TOliKY 

(xi0>, x~0l, . •. , x~>, ).o), 

6y,LI.eT HHTerpaJibHOH KpHBOH CHCTeMbl ,LI.HcpcpepeHJJ,H3JlbHbiX ypaBHeHHH (I ,4). 
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l.JT06h! orrpe)l.eJIHTb )l.JIH 3a)l.aHHbiX }, TO'IKH KpHBOH ( 1,5) HJIH, 'ITO TO 

JKe CaMOe, peWeHHH CHCTeMbl (1,1), CHCTeMy (1,4) 'IHCJieHHO HHTerpHpyeM 

Ha HHTepBaJie 2o < A. < 1.. * rrpH Ha'IaJihHhiX yCJIOBHHX ( 1 ,2): 

l..=l..o; xl=x1°', ' x2 =x~0l, ••• , xn=x~?l 1 • 

DpH 3TOM war HHTerpHpoBaHHH Bhi6HpaeM rro B03MOJKHOCTH c TaKHM 

paC'IeTOM, 'IT06bl TO'IKaMH )l,eJieHHH HHTepBaJia 6b!JIH 3a)l.aHHb!e 3Ha'IeHHH 

rrapaMeTpa A. 
DoJiy'IeHHhie rrpH HHTerpHpoBaHHH 'IHCJieHHbie 3Ha'IeHHH x 1, x 2 , .•• , xn 

)l.JIH KaJK)l,OrO 3a)l.aHHOrO 3H3'IeHHH rrapaMeTpa A H 6y.n.yT HCKOMbiMH rrpH6JIH

JKeHHbiMH peweHHHMH CHCTeMbi ( 1, I). 
Ec.TIH HHTerpHpoaaHHe rrpoH3BO;J.HTh MeTO.ll.OM A.n.aMca-lliTepMepa, TO Ha 

BCeM rrpOTHJKeHHH Bbi'IHCJieHHH fiOJih3yeMCH O)l.HOH H TOH )Ke <!JopMyJIOH 

(I,6) 

dx 
r )l,e Yj = h dl.. (h - War HHTerpHpOBaHHH); d'), Lf2') H Lf:l') - pa3HOCTH 

COOTBeTCTBeHHO rrepBoro, BTOpOrO H TpeTbero nopH)l.KOB. 

B'bi'IHCJieHHH pacrroJiaraiOTCH B rrpOCTYIO CXeMy H C y.n.o6CTBOM BblfiOJI

HHIOTCH Ha C'IeTHbiX MaWHHaX. 

l.JHCJIO BepHbiX UH<!Jp B ITOJiyqaeMhiX pe3yJihTaTaX 6y.n.eT, B006ll].e rOBOpH, 

Ha e)l,HHHUY MeHhWe, '!eM 'IHCJIO UH<!Jp, COXpaHHBWHXC5l rrpH Bbi'IHCJieHHHX. 

4 a c T H hi e c JI y 'I a H. I. Dpe.n.rroJIOJKHM, 'ITO B HeKoTopoif TO'IKe 

(-1: ~,, x~l, ... , x~;l, l) o6JiaCTH G, HBJIHIOIUeifcH peweHHeM CHCTeMbi ( 1,1), 
orrpe.n.eJIHTeJih cncTeMbi ( 1 ,3) o6pamaeTCH B HYJib, T. e. 

(1,7) 

HO 

A ( (") {i) (i) ' ) 0 
LJr x1', x 2 , • • ·, x, , ''i =I= , r=l, 2, ... , n. 

DpH ::noM rrpaBbie qacTH F,(r = 1, 2, ... , n) CHCTeMbi (1,4) o6pamaiOTCH 

B co, H ee HeJib35l 'IHCJieHHO HHTerpnpOBaTb B OKpeCTHOCTH TO'IKH 

,UJIH TOrO, 'IT06b! B 3TOM C.Tiy'Iae H3HTH peweHHH CHCTeMbl ( 1, l) 
B OKpeCTHOCTH TO'IKH (xtil, x¥l , ... , x~l, A;), fiOCTynaeM CJie,nyiOIUHM o6pa-

30M. CHCTeMy n ypaBHeHHH ( l ,4) 3aMeHHeM HOBOH CHCTeMOH, COCTOHll].eH 

113 n + 1 ypaBHeHHH BH,I:La 

r=1, 2, ... , n, 
(1,8) 

r,ne t - HOBaH He3aBHCHMaH rrepeMeHHaH, H 'IHCJieHHO HIHerpHpyeM ee H3 

HeKOTOpOM HHTepBaJie to < t < t*. 

t 0 MeTo,!l.ax tJI!CJICHHOro I!HTerp!!po saHI!l! o6biKHOBCIIiHbiX .!l.ll¢¢epeHUllaJibHbiX ypas
nemlii nepsoro nopl!.!l.Ka eM., Hanp!!Mep, [6]. 



B Kal!eCTse HaqaJibHbiX 3Hal!eHI1H ,o:JIH x, (r = 1, 2, ... , n) 11 ;, np11-

HI1MaeM K3KYIO-HI16y,o:b 113 y.tKe 113BeCTI-IbiX CI1CTeM HX 3HaqeHHH, DOJiyqeH

HbiX np11 l!I1CJieHHOM 11HTerpHpOB3HH11 CHCTeMbl ( 1,4), 113 ,O:OCT3T0l!HO M3JIOH 

OKpeCTHOCTI1 T0l[KI1 (x1il, x~l, .• . , x~2, i,;), T. e. 3HaqeHI15I Bl1,0:3 

xl =x\i) + oxl, x2=x~il + ox~, ... , x,.=x~l + oxn> l.=i.;+ oA.. 

HaqaJibi-IOe 3HaqeHI1e ,o:JIH t BbJ611paeM npo113BOJibHO, B3HB, Hanp11Mep, t0 = 0. 
Dpoil,o:H HeKoTopyi-O oKpecTHOCTb TOlJKI1 (xiil, x~l, . .. , x~l, A.;), CHOBa 

B03Bpaw,aeMC5I K CI1CTeMe ( 1 ,4) 11 Dp0,0:0JI)K3eM l[I1CJieHHO 11HTerp11pOB3Tb ee 

( eCJI I1 3TO He06XO,O:HMO), np11l!eM 33 H3l[3JibHbie 3HaqeHI15I X, (r = 1, 2, ... , n) 
H J. 6epeM DOCJie,O:Hl-0!-0 113 CI1CTeM 11X 3H3LJeHI1H, DOJiyqeHHblX Dp11 l!I1CJieHHOM 

m-nerp11pOB3HliH CI1CTeMbl ( 1 ,8) . 
3Hal[eHI15I X, (r = 1, 2, ... , n) 11 J., DOJiyqeHHbJe l[I1CJieHHbJM 11HTerp11-

pOB3I-IHeM CI1CTeMbi (1 ,8), 11 6y,o:yT 11CKOJ\IblMI1 Dp116JII1.tKeHHb!MI1 peweHI15IMH 

CI1CTeMbl ( 1, 1) B OKpeCTI-IOCTI1 TOLJKI1 (x~il, X~11, .•. , x~l , A;). 
3,o:ecb Heo6xo,o:11:-.10 3aMeTI1Tb, qyo np11 npoxo.tK,o:eHHI1 qepe3 TOl[KY 

( {i) (i) .(;) } ) dl ( x 1 , x 2 , ••• , Xn, ·i Dp0113BO,O:H35I df Mel-meT 3l-13K T3K KaK B CI1JIY ycJIOBI15I 

( 1 ,7) 0!-13 B 3TOH TOlJKe o6paw,aeTC5I B H.)' Jib) 11, C.lJe,O:OBaTeJibHO, J. l-13lJI1H3eT 

y6biBaTb. Do3TOMY npa nepexo,o:e oT CI1CTeMbi n + 1 ypaBHeHI1H (1,8) K CI1-

CTeMe n ypaBHel-11111 ( 1,4) He06XO,O:HMO ruar 11HTerp11pOB3!-1115I h Bbi6paTb 

OTp11II,3TeJibHbiM, T. e. 113MeHI1Tb HanpaBJie!-IHe mnerp11pOB3HI15I. 3TO o6ecne-

4HT H3MeHeHHe napaMeTpa }, B TOM HanpaBJie!-11111, B K3KOM OR Me!-15!JIC5I ,0:0 

nepexo,o:a K cncTeMe n ypasHei-IHH ( 1,4). 
Boo6w,e HanpasJieHI1e 11HTerp11posaHI1H 6y,o:eT MeHHTbCH Ka.tK,O:biH pa3, 

K3K TOJ!bKO Mbl npOXO,O:I1M qepe3 TOlJKI1 Kp11BOH (1 ,5), B KOTOpblX Bb!DOJI

HHeTCH YCJIOBI1e (1,7). 
3a~leTI1M T3K.tKe, l[TO B CI1JIY yCJIOBI1H 

Llr (xiil, x~l, ... , x~l, ), i) =f= 0, r= 1, 2, ... , n, 
ypaBHel-1115! ( 1 ,4) B OKpeCTHOCTI1 T0l[KI1 (x\il, x~l, .•• , x~;l, i.;) MO.IKHO pa3pe-

dxr dA. 
lll11Tb OTHOCI1TeJibHO -d (r=1, 2, ... , k-1, k+1, ... , n) 11 -d , T. e. B35!Tb 

xk xk 
33 He33BI1CI1MY!-O nepeMeHHY!-0 JI!-06oe XJ?, 11 B 3TOH OKpeCTHOCTI1 BMeCTO 

CI1CTeMbl ( 1 ,8) l[I1CJieHHO np011HTerp11pOB3 Tb CI1CTeMy 

dxr=Ll,(xl> x2,···· Xn, 'A))' r=l,2, ... , k-1, k+l, . . . , n, 
dxk Llk(xi. x2,· .. , Xm J. 

d'A L1 (xll x 2, .. . , x,, l) 
dxic = Lli;(xh X2,· • • , Xm A)· 

2. DycTb Tenepb B TO_lJKe (x~il , x~;>, ... , x~>, J.i) o6JiaCTI1 G, HBJIH!-0-

w,eilcH peweHI1eM CHCTeMbi ( 1, I), BbiDOJIHH!-OTCH cJie,o:yi-Ow,l1e ycJIOBI1H: 

L1 (xy>, x~il, . .. , x~l, A;)= 0, 

L1r(xiil, x~>, ... , x~>, ).;)=0, r=1, 2, ... , n. (I ,9) 

TaKI1e TOl[KI1, KOTOpbre o,o:HospeMeHHO y,o:osJieTBOpHI-OT ycJIOB11HM ( 1 ,9) 
11 (I, I), 6y,o:eM H33biBaTb oco6biMI1 ToqKaMI1 11HTerpaJibHOH Kp11BOH (I ,5) 1• 

1 3n! OC06hie TO'IKH O T,ll,eJibHOii UHTe,rpaJibHOH KpUBOH, T. e. OCOObie T O'IKH, BC1Cpe

'laiOWHCCH B ,ll,HcpcpepeHl(HaJ!bHOH reoMeTJinil, He CJie,n:yeT CMeillHBaTb C OC06biMH TOtJKaMH 

,n:ncpcpepenu.naJibHhiX ypasuennii. 

6. YKp3HHCKHH MaTeMaT. )l.;:ypuaJI, T. V, N2 2. 201 



Ol!eBHJIHO, liTO B 3TOM CJiyqae TaKMe l!HCJieHHhiM HHTerpHpoBaHHeM 

CHCTeMbl (1,4) HeJib35I 6y}leT HaihH perueHHH CHCTeMbl (1,1) B OKpeCTHOCTH 

oco6oR TOl!KH. ITo3ToMy, l!T06br HaRTH yKa3aHHbie perneHHH, Heo6XOJIHMO 

B OKpeCTHOCTH OC060R TOl!KH BMeCTO CHCTeMbl ( 1 ,4) l!HCJieHHO rrpOHHTerpH

pOBaTb CHCTeMy ( 1,8), T. e. ITOCTYIH!Tb, B006Ill,e rOBOpH, aHaJIOrHl!HO rrpe,llbi

JIYill,eMy CJIYllaiO. 

ITpn 9TOM HeKoTopoe OCJIOMHeHne 6yJieT TOJihKO B TOM c.nyqae, ecmf 

OC06aH TOl!Ka HBJIHeTCH TOl!KOR CaMorrepecel!eHHH KpHBOR ( 1 ,5) . 
B caMoM ,LI.eJie, B MOMeHT rrpoxoMJieHim oco6oR TOl!KH rrpOH3BOJI-

dx, dA 
Hb!e df (r = 1, 2, ... , n) H df B CHCTeMe (1,8) MeHHIOT CBOH 3HaKH (Tar-: 

KaK B CHJIY ycJIOBHR ( 1 ,9) OHH B i3TOR TO liKe o6palll,a!OTC5I B HYJib) H, CJie

JIOBaTeJibHO, x, (r = 1, 2, .. . , n) H A. MeHHJOT HarrpaBJieHHe cBoero H3Me

HeHHH, B TO BpeMH KaK B ,lleRCTBHTeJibHOCTH OHH JIOJIMHbl MeHHTbCH B rrpe)K

HeM HarrpaBJieHHH. 

iB ,llaHHOM CJiyl!ae rrpH l!HCJieHHOM HHTerpHpOBaHHH CHCTeMbl ( 1 ,8) ITOCJie 

rrpOXO)K,ll,eHHH OC060R TOl!KH CJie,ll,yeT H3MeHHTb 3HaKH BbiWeyKa3aHHbiX rrpo

H3BOJlHbiX Ha IIpOTHBOIIOJIO)KHbie . .3n:IM CaMbiM Mbl o6ecrrel!HM H3MeHeHHe 

X, (r = 1, 2, ... , n) H A ITOCJie OC060}I TOl!KH B TOM Me HarrpaBJieHHH, 

ll KaKOM OHH H3MeHHJIHCb JlO OC060R TOl!KH. 

§ 2. 

Ope,li,JiaraeMhiR MeTOJl BeChMa rrpocTo rrpHMeHHM TaKMe H K HaxoM,ll,e

HHJO IIJ2H6JIHMeHHbiX perneHHR CHCTeM aJire6paHl!eCKHX H TpaHCUeH,ll,eHTHbiX 

ypaBHeHHR 

(2, 1) 

KOTOpbie He CO,ll,epMaT rrapaMeTpa A. 
B 3TOM cJiyqae Heo6xo,li,HMO TOJibKO rrpe,li,BapHTeJihHO rrpeo6pa3oB aTh 

CHCTeMy (2, 1) K BHJlY ( 1,1), paCCMOTpeHHOMY B § l. 
C 3TOR ueJihJO B CHCTeMy (2, 1) BBOJlHM rrapaMeTp A. TaK, l!T06br : 

1) rrpn A. = 1 rrpeo6pa3oBaHHaH cHcTeMa 

<J?.k(x !, X2, ... , Xm A.) = 0, k = 1, 2, ... , n 

o6pall}.aJiaCb B HCXOJlHYIO (2, 1); 
2) rrpH A = 0 MOMHO 6hiJIO 6e3 3aTpy,li,HeHHR HaRTH ee perueHHe 

x 1 = xi0', X2 = x&0l, ..• , Xn = x~0'. 

EcJIH npH 3TOM !IJYHKUHOHaJibHbiR onpe,ll,eJIHTeJih 

J- D(q;l, f{J2,• • ., fPn) 
- D(x1, x~, ... , Xn) 

(2,2) 

OKaMeTCH paBHbiM HYJIIO B TOl!Ke (x~0l, X~0), • •• , x~l, 0), TO CJie,ll,yeT BBeCTH 

rrapaMeTp A KaKHM-JIH60 JlPYrHM CIIOC060M, O,li,HaKO TaK, l!T06bi YCJIOBHH 

1) H 2) BbiiTOJIHHJIHCb. 

C rrpeo6pa30BaHHOR CHCTeMOR ( 2,2) IIOCTyrraeM aHaJIOrHl!HO BbiUieH3JIO

)KeHHOMY (§ 1), rrpHl!eM IIOJIYlleHHYIO CHCTeMy JlH¢¢epeHUHaJihHbiX ypaBHe

HHR l!IfCJieHHO HHTerpHpyeM Ha HHTepBaJie 0 < }, < l. B Kal!eCTBe Hal!aJibHbiX 
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YCJIOBHH 6epeM 3Hai.JeHHfl X1, X 2, • .• , Xn, COOTB€TCTBYIOW.He A= 0. 3Hal!eHH51 

X1, X 2, ••• , Xn npH }, = 1 6y.D.yT HCKOMbiM perneHHeM CHCT€Mbl (2,1). 
3 a Me lJ a H He. 3cpcpeKTHBHOCTb perneHHfl CHCT€Mbl (2, 1) B 3Hai.JHT€Jlb

HOH Mepe 3aBHCHT OT cnoco6a BBe.n.eHHfl napaMeTpa A. 

§ 3. 

LJ.JIH HJ!JllOCTpaUHH 113J!OllieHHOfO MeTO.LJ.a paCCMOTpHM ,D,Ba np!1Mepa. 

1. OycTb .n.aHo ypaBHeHHe 

A. 11--z 
arcsin - -2 /t- ~%+0,047x-0,094A.-1,844=0. 

X X 
(3, 1) 

Ope.n.noJiolliHM, liTo Tpe6yeTcH HaHTH npH6JIHMeHHbre peweHHfl 3Toro 

ypaBH€HHfl .Ll.Jlfl TaKHX 3Hal!eHHH napaMeTpa A: 
0, 1, 2, 3, ... , 10. 

Opo.n.Hcj:>cj:>epeHUHpoBaB JieByiO l!aCTb ypaBHeHHH ( 3,1) no }, 11 pa3pern!1B 

" dx rt-.rt-. 
OTHOCHT€JlbHO Dp0!13BO.LJ.!-10!1 d)., , DOJIYliHM .Ll.H't''t'epeHUHaJib!-10€ ypaBH€HHe 

dx o,094x2VT--.l:a-x(x+2A.) 
d).= 0,047x!Vxt-).%-},(x+2l). 

(3,2) 

YpaBHeHHe (3,2) l!HCJieHHo HHTerpHpyeM MeTO.Ll.OM A.n.aMca-lllTepMepa 

Ha HHTepBaJie 0 <A< 10 DpH Hal!aJibHOM YCJIOBHH 

A= 0, X= 81,78723, 
KOTOpoe HaXO.LJ.HM Henocpe.LJ.CTBeHHO H3 ypaBHeHHfl ( 3,1), IlOJiarafl B HeM 

A= 0. 
OrpaHHl!HBaHCb npu Bbil!HCJieHHHX IlflTbiO .n.ecHTHl!HbiMH 3HaKaMH, war 

HHTerpupoBaHHH h Bbr6upaeM paBHbiM 0,5. Opu TaKC!M Bbi6ope h pa3HOCTH 

TpeTbefO DOpH.D.Ka B cpopMyJie ( 1 ,6) He OKa3biBa!OT BJIHHHHH Ha pe3yJibTaT, 

H Mbl HX He YliHTbiBaeM npH Bbll!HCJieHHHX. 

Pe3yJibTaTbi Bbil!HCJieHHH npnse.n.eHbi B Ta6JI. 1. 
Hal!aJio Ta6JIHUbi cocTaBJIHeM cnoco6oM nocJie.n.osaTeJibHbiX npH6-

JIHllieHHH 1. 

OoJiyl!eHHbie 3Hal!eHHH x, 
2, 3, . . . , 10, H 6y.LJ.yT HCKOMb!MH 

COOTB€TCTBY!OW.He 3Ha li€HHHM 

peWeHHHMH ypaBH€HHfl (3, 1). 
A= 0, 1, 

OorpeWHOCTb, .LJ.ODylll,eHH3fl npH Bbli.JHCJieHHHX, He npeBbiWaeT 10-4 _ 

3aMeTHM, liTO npHMeHeHHe JIJ06oro H3 cymecTBY!Oil.I.HX MeTO,li,OB K pewe

HHIO ypaBH€HHfl (3, 1) Il0Tpe6oBaJIO 6b! perneHHfl .LJ.€C51TH ypaBHeHHH COOT

BeTCTBeHHO .Ll.Jlfl Kalli.LJ.OfO 3a.D.aHHOfO 3!-Iat.IeHHfl napaMeTpa }, H, CJie.LJ.OBa

TeJibHO, 6oJibillOH 3aTpaTbi speMeHH. B t.IaCTHOCTH, npu peweHHH 3Toro ypas

HeHHH MeTO.LJ.OM HTepaUHH He06XO.Ll.HMO, npelli.LJ.e BCero, .Ll.Jlfl Kalli.LJ.OfO A rpa

cpHli€CKH onpe.LJ.eJIHTb .LJ.OCTaTOl!HO TOI.JHbie HCXO.LJ.Hbl€ DpH6JIHllieHHfl K pewe

HHflM, KOTOpb!e o6ecnel!HJIH 6bl npeo6pa30BaHHe ypaBH€HHfl (3, 1) K BH.Ll.Y 

x = .w(x, A;) (i = 1, 2, ... , 10) 

c co6JIIO.D.eHneM yCJioBHH 

I A. H. K p bl Jl 0 B, [6], CTp. 301. 
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( Cl\1. BBe,ll,emJe), 'ITO B ,ll,aHHOI\1 C.lJy'Iae rrpe,li,CTaBJHieT 3Hal!I1TeJibHbie Tpy.n

HOCTH. 

n }. X 

0 0 

I 
81,78723 

1 0,5 82,65716 
0 0 81,78823 
1 0,5 8'2,65775 
2 1,0 83,52945 
3 1,5 84,40237 
4 2,0 85,27647 
5 2,5 86,15 I83 
6 3,0 87,02836 
7 3,5 87,90618 
8 4,0 88,78517 
9 4,5 89,66542 

10 5,0 90,54686 
I I 5,5 91,42956 . 
12 6,0 92,31346 
13 6,5 93,19858 
14 7,0 94,08492 
15 7,5 94,97246 
16 8,0 95,86120 
17 8,5 96,75 I I4 
18 9,0 97,64226 
19 9,5 98,53!58 
20 10,0 99,42805 

I 

dx 

0,~6993 

0,87052 
0,87170 
0,87292 
0,87410 
0,87536 
0,87653 
0,87782 
0,87R99 
0,88025 
0,88144 
0,88270 
0,88390 
0,88512 
0,88634 
0,88754 
0,88874 
0,88994 
0,891 12 
0,89232 
0,89347 

· dx 
'Y)=h 

d?. 

0,86993 
0,87111 
0,86993 
0,87111 
0,8723I 
0,87351 
0,87473 
0,87594 
0,87717 
0,87839 
0,87962 
0,88084 
0,88207 
0,88329 
0,88451 
0,8857.3 
0,88694 
0,88814 
0,88934 
0,89053 
0,89172 
0,89289 

Ta6Ji nua 1 

0,00118 

0,00118 2 
0,00 120 0 
O,OOI20 2 
0,00122 -- 1 
O,OOI2I 2 
0,00123 -I 
0,00122 1 
0,00123 -I 
0,00122 1 
O,OOI23 - I 
O,OOI22 0 
O,OOI22 0 
0,00122 -I 
0,00121 - 1 
0,00120 0 
0,00120 -1 
0,001 I9 0 
O,OOI19 - 2 
0,00117 

KpoMe Toro, ,li,JJH rroJJyl!eHHH Ka)K,ll,oro peweHHH c sa.naHHO.il: TO'IHOCTbiO 

He06XO.[LHMO, B006me fOBOpH, MHOfOKpaTHOe ITOBTOpeHHe rrpou.ecca HTe

paiJ.HH. 

f1p e.n:JJaraeMb!M MeTO,li,OM, KaK Mbl yMe y6e,li,HJJHCb, ypaBHeHHe (3,1) 
p ewaeTCH ,li,OBOJJbHO rrpOCTO H He Tpe6yeT 60JiblllOI':f 3aTpaTbl BpeMeHH, TaK 

KaK rroJiyqaeM cpasy, o.nHo sa .npyrH~!. peweHHH ,li,JJH scex sHa 'leHHH },. 

2. B Kal!eCTBe BTOporo rrpHMepa B03bMeM CHCTeMy .nsyx ypaBHeHH.il: 

y - sin x + I ,32 = 0, 1 

COSy- X+ 0,85 = 0. (3,3) 

f1 ycTb Tpe6yeTCH HaHTH ee perneHHe C TO'IHOCTb!O ,li,O 10- 4 • 

I1peo6pa3yeM rrpeM.n:e scero CHcTeMy ( 3,3) K BH.LLY ( 1,1), .LLJJH qero 

BBO,li,HM rrapaMeTp }, CJJe,ll,yiOIUHM o6pa30M : 

y + },(1,32 - sin x) = 0, 

COSy -X + 0,85 = 0. (3 ,4) 

f1oJJyl!eHHa51 CHCTeMa ypaBHeHHH rrpH A= 1 COBITa,ll,aeT C HCXO,li,HOH 

(3,3), a rrpH }, = 0 oHa HMeeT pemeHHe 

X = 1 ,85; y = 0. 

I 9TOT npHMep Mbl B351JIH H3 KHHrH ,U)!{. CKap6opo [1]. 
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,lh!cpcpepeHI.J.HpyH JICBbiC 'WCTH ypaBHCHHii (3,4) IIO }, B rrpe,ll,IIOJIO)!{CHHH, 

'-ITO X H y HBJIHIOTCH cpyHKli,HHMH A, H pa3pellla51 OTHOCHTCJibHO IIpOH3BO,ll,HbiX 

dx dy 
d). H dl , HMeeM 

dx 
d). 

dy 
d). 

1,32- sin x 
sing 1 + ). cos x sin y ' 

1,32- sin x 
1 + ). cos x sin y · 

(3,5) 

CHcTeMy ,nHcpcpepeHli,HaJibHbiX ypaBHer-ml1 (3,5) rrpH Ha'-laJibHOM ycJIOBHH 

A=O; X= 1,85, y=O 

'-IHCJieHHO HHTerpHpyeM MeTo,noM A,naMca-IIhepMepa Ha HHTepBaJie 

O<.A< 1. 
.llJIH IIOJiy'-leHHH pellleHHH CHCTeMbl ypaBHeHHH (3,3) C 3a,naHHOli T0'-1-

HOCTbiO 10- 4 Bbi'-IHCJieHHH rrpoH3BOAHM c IIHTbiO ,neCHTH'-!HbiMH 3HaKaMH. OpH 

3TOM lllar HHTCrpHpOBaHI'!H h ,ll,OCTaTO'-IHO Bbi6paTb paBHb!M 0, 1. 
Pe3yJibTaTbi Bbi'-IHCJieHHH rrpHBe,neHbi B Ta6JI. 2. 
I(aK H B rrpe,nbi,nymeM rrpHMepe, Ha'-!aJio Ta6JIHll,bi cocTaBJIHeM crroco6oM 

IlOCJIC,ll,OBaTeJibHb!X rrpH6JIH)KCHHH. 

OoJiy'-leHHbie 3Ha'-lei-IHH HeH3BeCTHbiX x H y rrpH ;, = 1 H 6y,nyT HCKOMbiM 

npH6JIH)!CeHHbiM pellleHHeM CHCTeMbl (3,3). 
EcJIH BBeCTH o6o3Ha'-!eHHH 

f(x, y) = y- sin x + 1,32, 

<p_(x, y) =cosy- x + 0,85, 

TO Bbi'-IHCJieHHH IIOKa3biBa!OT, '-ITO 

!(1,79132; - 0,34421) = 0,00001, 

tp( 1,79132; - 0,34421) = 0,00002. 

B 3aKJIIO'-!eHHe Bbipa)!{aiO rJiy6oKyiO 6Jraro.D,apHOCTb ,nei1cTBHTeJihHOMY 

'IJieHy AH YCCP H. H. 5oroJII06oBy 3a rrpe,nJio)KeHHYIO T eYiy H pH,n ueH

HbiX COBeTOB. 
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