
1953 YKPA~KHYi MATEMATI14ECKHY1 )KYPHAJI 
",_J1HCTI1TYT MATEMATI1Kl1 

T. V,M3 · 

0 pOJIH MaKCHMaJibHOfO CJiaraeMOfO npH CYMMHpOBaHHH 

He3aBHCHMbiX CJiyqaHHbiX BeJIHqHH 

E. B. THeoeHiw 

§ 1. fiycTb .ll.aHa nOCJIC.li.OB3TC.TlbHOCTb B3aliMHO HC3 aBHCliMbiX CJJyqaii:­

HblX BCJ!liqliH 

~1, ~2>• • ., ~n· • ., ( 1 ) ;· 

liMCIO!ll,liX O.li.HY li TY Me <PYI-IKIJ,mo pacnpe.li.CJICHHH F (x) = P { ~" < x }. 
Mbr 6y.11.eM paccMaTpHBaTh .11.aJiee cyMMbi 

s,=~l +~2 + · · · + ~,. . 

MaKCHMaJibHbiM CJiaraeMbiM B .:noli cyMMe Mbi Ha3oBeM <PYHKU.HIO 

'1n = 1J (;p §,, • • •' §n) 

OT nepBbiX BCJiliqlfH nOCJ!C.li.OB3TCJ!bHOCTli ( 1), KOTOpaH .li.J!H K3:1K.li.OH CliCTCMbl 

B03MO:IKHbiX 3HaqeHHii: ~~ = X1, S2 = x 2, ... , gn = X 11 pasHa HaH60JibWeMy 

113 HI1X. JlerKO Bl1.li.CTb, qTo <!JyHKIJ,liH pacnpC.li.CJICHI151 BCJilfqliH 1Jn paBHa 

Fn (x) = P{ "ln < x} = P{a1 < x, §2 <X, . .. ,§,. < x} = F"(x). 

QqeBI1.li.HO, qro nO.li.06Hb!M :IKC CnOC060M Mbl MQ)!{Cl\1 onpC.li.CJ!liTb MliHli­

M3JlbHOC cJiaraeMoe cyMMhi, BTopoe no B CJII1qHHe, rperbe 11 T . .11.. MaKCI1- . 

M3JlbHOC CJiaraeMOC 6y.li.CT n-b!M no BCJiliqliHC. 

l13BCCTHO, qTo eCJII1 np11 Ha.li.JICMau~eM no.11.6ope nocTOHHHbiX B 11 > 0 
11 An <PYHKU.I111 pacnpe.li.CJICHHH HopM11posaHHbiX cyMM 

(2) · 

np11 n ~ 00 CXO.li.HTCH K C06CTBCHHOH <!JyHKIJ,HH pacnpe.li.CJICHHH !2) (x) 11 npw 

3TOM 

(n- oo), 

TO npe.li.CJ!bHOC pacnpt'.li.CJ!CHHC 6y.li.CT HOpMaJibHbiM (CM. [7], § 11 11 [4], TCO­

peMa 1, § 26). 
B HaCTOH!ll,eii: CTaTbe 6y.11.er 113yqeHo BJIHHHHe MaKCHMaJibHoro cJiarae­

Moro Ha cyMMbl S11 B CJiyqae CXO.li.11MOCTI1 <iJYHKIJ,Hii pacnpC.li.CJ!CHHH (2) np11 

n ·~ 00 K O.li.HOMY 113 YCTOHqHBb!X 33KOHOB, OTJJHqHbiX OT HOpMaJibHOrO. 

KpoMe Toro, Mbi paccMoTp11M sonpoc o nopH.li.KC pocTa MaKCHM3JibHoro CJia­

rae Moro .li.J!H CJiyqaH CXO.li.HMOCTI1 <!JyHKIJ,HH pacnpe.li.CJ!CHTIH CYMM (2) K HOp­

MaJibHOMY 33KOHy. 
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Mbr 6y,n:eM rrpn 3TOM cymecTBe HHO ormpaTbCH Ha pe3yJibTaTbi pa6oT 

11] n [5], II3JIOJKeHHbie B ([4], § 35) , a TaKJKe Ha cTaTbii [2] n [3]. B noCJie,n:­

HIIX yKa3aHHbiX pa60TaX 6biJIII II3ylfeHbi aCIIMIITOTIIlfeCKIIe 3aKOHOMepHOCTII, 

KOTOpbiM IIO.ll:lfiiHeHa cpyHKII,IIH pacnpe,n:eJieHIIH BeJIIIlfllHbi '7n IIpii HeorpaHII­

lfe HHOM B03paCTaHIIII 11. 3 'a,n:alfll CTaBIIJIIICb TaK: 

1) K KaKIIM npe,n:eJibHbiM pacnpe,n:eJieHIIHM MOryT CXO.ll:IITbCH npn 11 ~ 00 

¢YHKII,HII pacnpe,n:eJieHIIH BeJIIIlfiiH 1/n - A · 
Bn '" 

2) KaKIIM yCJIOBHHM ,n:oJIJKHa y,n:oBJieTBopHTb cpyHKU.IIH F (x), lfT06bi 3Ta 

<:XO,n:IIMOCTb II MeJia MeCTO? 

06e TOJibKO 'ITO ccpopMyJinpoBaHHbi e ga,n:aqn B pa6oTax [2] n [3] noJiy­

lfiiJIII ncqepnbiBaiOmee p ernenne. Oo3,n:Hee B 6oJibrnoif pa6oTe H. B. CMnp­

HOBa (6] 3TH pe3)'JlbTaTbi 6biJIH nepeHeCeHbi Ha IIpOH3BOJibHbie ,,KpaHHIIe"' 

'lfJieHbi BapnaiJ,HOHHOrO pH,n:a II IIOJI)'lfeHbi rJiy60KHe HOBbie 3aKOHOMepHOCTII 

)I,JIH ,,IJ,eHTpaJibHbiX'" lfJieHOB. 

B § 2 Mbi npnBo,n:nM cpopMyJinpoBKII Heo6xo,n:HMbiX HaM ,n:JIH ,n:aJibHeif­

mero paHee ,n:oKa3aHHbiX TeopeM; B § 3 ,n:oKa3biBaeM HOBbie pe3yJibTaTbi, 

KaCa!Oll{HeCH aCIIMIITOTHlfeCKIIX CBOHCTB '7n; B § 4 ,n:a!OTCH cpopM)'JIHpOBKII 

H ,n:oKa3aTeJibCTBa TeopeM o BJIHHHHH MaKCIIMaJibHoro CJiaraeMoro Ha npe­

~eJibHoe pacnpe,n:eJieHn e. 

§ 2. Mbi CKa:lKeM, 'ITO cpyHKII.HH pacnpe,n:eJieHnH F (x) npnHa,n:JieJKHT 

{)6JiaCTH IIpiiTHJKeHIIH 3a KOHa (]) (x), eCJIII cpyHKII,llll pacnpe,n:eJieHIIH HOpMII­

poBaHHbiX cyMM (2) rrpn Ha,n:Jie:lKameM rro,n:6ope nocTOHHHbiX Bn > 0 n An 
<:xo,n:HTCH npn n ~ oo 1< (]) (x). KJiacc rrpe.II.eJibHbiX B 3TOM CMbiCJie pacrrpe­

~eJieHnif COBna,n:aeT C KJiaCCOM )'CTOHlfllBbiX pacnpe,n:eJie HIIH ( CM. (4], rJI. 7), 
.ll:JI51 KOTOpbiX JIOrapHcpM xapaKTepiiCTIIlfeCKOH cpyHKII,llll rrpe,n:cTaBIIM B BH,n:e 

lgqJ(i)=iyt-c iW { 1+ifi l ~ l w(t, .x) }• 

r,n:e i'· c, .a, {3 Bell{eCTBeHHbie IIOCT051HHbie (0 < a < 2, C > 0, - 1 < 
<f3< 1),a l 7T<X 

tg -
w (t, .x) = 2 2 

- In itl 
7l 

rrpn .x =1= 1, 

rrpn .x = 1. 

Teo p eM a A. ,Z:I>IH Toro lfT06bi cp yHKU.HH pacrrpe,n:eJieHIIH F (x) npn­

Ha,n:Jie)KaJia 06JiaCTH rrpHTH)KeJ-IIIH )'CTOHlfllBOrO 3aKOHa C xapaKTepHCTHlfeCKHM 

noKa3aTeJi e M a (0 <a< 2), Heo6xo,n:HMO H ,n:ocTaTOlfHO, lfT06bi npn n ~ oo 

F(-x) 
_-'-,-----'- _.C (c- IIOCTOHHHOe, O<c .c;,_ = ) (3) 
1-F(x) 

II IIpii Ka:>!<.ll:OM IIOCTOHHHOM k > 0 

l_F_'..:...(x_.:..)_+_F_,('---x) 
~ - -k"' 1-F(kx)+ F(-kx) · 

(4) 

Teo p eM a B. <PyHKU.HH pacrrpe,n:eJieHIIH F (x) rrpHHa,n:Jie:>!mT o6JiaCTH 

11pHT51JKeHH51 C06CTBeHHOrO HOpMaJibHOrO 3aKOHa TOr,n:a, ll TOJibKO TOr,n:a, 
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Kor.na npH x ~ oo 

x'(l-F(x) +F(-x)) 0 (S) 
J z2 dF(z) - · 

1~ I <x 

HopMHPYIOLUHe MHOMHTeJIH B 11 )I.JIH CXO.LJ:HMOCTH K ycTOHl.JHBOMY 33KOHY 

(o: =/= 2) onpe.LJ:eJIHIOTCH K3K H3HMeHbUIHe KOpHH HepaBeHCTB 

1- F(x + 0) + F(-x) < _!_ <;:: 1- F(x) + F(-x+O). (6) 
n 

LI.JIH npe.neJibHoro )!<e HOpMaJibHOro 3aKoHa BeJIH'IHHhi B11 onpe.LJ:eJIHIOTCH 

K3K KOpHH ypaBHeHHH 

B,~ = n J z' dF(z). (7) 
I% I ...:: B,. 

B pa6oTax [2] H [3] .LJ:OKa3aHo, qTo npe.neJibHhiMH 33KOH3MH .LJ:JIH <PYHK­

UHH pacnpe.neJieHHH seJIHqHH 

1].- A 
B.,. n 

npH H3).1.JieMameM no.n6ope noCTOHHHhiX B,, > 0 H A 11 MoryT 6h!Th TOJihKO 

pacnpe.neJieHHH 

r.ne a- TIOJIOMHTeJibH3H TIOCTOHHH35I 'H 

npH x<:O, 

npH x>O; 

npH x <;:: O, 
npH x> 0; 

A (x) = e-·-x. 

B HaCTOHLUeA pa6oTe Hac 6y.nyT HHTepecosaTb TOJihKO pacnpe.neJieHHH 

!lia(x) H A (x). 
Teo p eM a B. LI.JIH Toro l.JT06bi npH Ha.nJie)J<ameM no.n6ope nocTOHH· 

HhiX B,11 (nocTOHHHbie A 11 MOMHO Bbi6paTh paBHbiMH 0) <PYHKU.HH pacnpe.ne-

JieHHH BeJIHlJHH 7Jn -A CXO.LJ:HJIHCb K pacnpe.neJieHHIO l])a (x ), He06XO).I.HMO 
B,. " 

H ).1.0CT3TOlJHO, l.JT06bl npH Jl!060M k > 0 BbiTIOJIHHJIOCb COOTHOUieHHe 

. 1- F(x) 
~1__?!, 1- F(k-~) = k a. (8) 

nocTOHHHbie B,. onpe.neJI HIOTCH KaK H3HMeHbUIHe KOpHH HepaBeHCTB 

1 
1-F(x(l +0)) <-< 1- F(x(l-0)). . n {9) 

T e 0 p eM a r_ EcJIH <PYHKU.H5! pacnpe.neJieHH5! F (x ) T3KOBa, l.JTO 

F(x) < 1 npH scex 3 Hal!eHHHX x, TO .LJ:JI H cxo.LJ:HMOCTH <PYHKU.HH pacnpe,Li.e-

17,. - A 
. ,. 

B,. 
lUJ.e YCJIOBHH 

npH JI I060M k > 1. 

K pacnpe.neJi e HHIO 

lim l-F(kx) = 0 
x-+oo 1-F(x) 

-4 . YKpa nHCKUA MaTe MaT. *YPIIaJI, T . V, N<! 3. 

A(x) Heo6xo.LJ:HMO BhiTIOJIHe-

(10) 



MmKHO .LI.OKa3aTb, 'ITO noCT05IHHbie Bn npH JII060M c > 0 y.n.oBJieTBOp5IIOT 

COOTHOilleHHIO 

Bn = O(n' ). 

§ 3. Il,eJib H8CT05Imero naparpa<tJa COCTOHT B .LI.OKa3aTeJihCTBe CJie.LI.yiO-

mHX .LI.BYX TeopeM: . 

T eo p e M a I. ECJIH <PYHKIJ.HH pacnpe.n.eJieHH5! BeJIH'lHH 1Jn - A npH 
B,. " 

Ha.n.Jie)l<ame no.n:o6paHHhiX noCT05IHHhiX Bn H An CXOJJ:51TC51 K pacnpe.n:eJieHHIO 

([)a(x), TO npH JII060M c > 0 (c < a) 
00 00 

jlx l"-.' dF(x)< + oo H jlxla+•dF(x)=+oo. 
0 0 

T eo p e M a 2. ECJIH npH Ha.n:JJe)l{ame Bhi6p aHHhiX Bn H An <PYHKIJ.HH 

"ln -A 
B n 

n 

CXO.LI:5ITC5! K pacnpe.n:eJieHHIO A(x), TO 

npH JII060M J > 0 

I lxl"dF(x) < oo. 

0 

LI. o K a 3 aTe JI h c T B o T e o p eM hi 1. B CHJIY TeopeMbi B, KaKOBhi 

6bi HH 6biJJH TJ > 0 H fl > I, MO)l{HO HaihH TaKOe Xo, 'ITO 

1-F(k' x0 ) (l+ )·ka 
1 - F(k'+l xo) = e, ' 

npH'IeM I c5 I ,.;;; TJ npH Bcex s (s = 0, I . 2, .. -) . Mbi npe.n:noJJO)l{HM, 'ITO 

(I - TJ) k• > I. QqeBH.LI:HO, 'ITo 

00 J I X Ia-• dF(x) = ~ J xa- • dF(x) <. 
x 0 lr.3-Ix0 .< x < kBx0 

<. x~-· [1-F(x. )] i: k' ta-•) 1- ~(k'-1 Xo) <. k"x~-· I(' 1 .)s-1. 
s=l 1 F(xo) s=l (1- 1J) k 

B CHJJY Bbi6opa TJ H k p5I.n: B npaBoi1 qacTH HepaBeHCTBa cxo.n:HTC5I; nepBaH 

'laCTb TeopeMbl TaKHM o6pa30M JJ:OK83 8H8. 

TaK KaK 

Joo \X \"+• dF(x) ~ ~ k(s-l) ta+•Jxa+•[l-F(k•+1x )] [ 1- F(k' xo) -1] :::;;:, 
·7 ..::.. 0 0 1 - F(k•+l X ) 7 

•=1 0 

n 1 ~ 1J > I - 1], TO 1 !' 1) > (1- '7) k ' > 1 n, CJie.n:oBaTeJibHO, p5IJJ: B npaBoa 

'laCTH HepaBeHCTBa p acxo.n:HTCH. T eop e Ma .n:oKa3aHa. 
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.[{ 0 K a 3 a T e Jl b C T B 0 T e 0 p e M bl 2. 0lieBH,li,HO, liTO CJie,LJ,yeT pac­

CMOTpeTb TOJibKO cJiyliaH, KOr,LJ,a F(x) < I npn Bcex x. Mbi Haxo,LJ,HMCH 

B YCJIOBHHX TeopeMbl r. CorJiaCHO 3TOH TeopeMe MO)!{HO Cl!HTaTb, liTO ,li,JIH 

mo6oro a> 0 (Mbl B03bMeM ·a > o)' npOH3BOJ!bHOfO k > I, H ,li,OCT3TOliHO 

60JiblllOfO Xo MO)!{HO H3DHCaTb paBeHCTBa 

I-F(k' x 0 ) .x, 
1 - F(k' - 1 Xu) = k a' 

1 
r,LJ,e npn Bcex s (s= I, 2, 3, ... ) as<2· 

l1MeeM 

j x~dF(x)-.< ~ kr~ X~ [F(krx0)-F(kr-1 x0 )] _,;;;; 

00,LJ,06HbJM R<e nyTeM MoryT 6bJTb ,li,OKa3aHbl aHaJIOrHliHbJe TeopeMbl 

OTHOCHTeJibHO MHHHMaJibHOfO H ,ll,pyrnx ,KpaHHHX''' CJiaraeMbJX. 

§ 4. HapH,LJ,Y c BeJIHl!HHaMH "'n BBe,LJ,eM B paccMOTpeHne cJiyliaHHbJe Be­

JIHliHHbi ?;n, onpe,LJ,eJIHeMbJe DOCpe,li,CTBOM paBeHCTBa 

sn = max {I s1 I, I g21, · · ·, I sn I}. 
Teo p eM a 3. EcJIH cpyHKU,HH pacnpe,LJ,eJieHHH F (x) npnHa,LJ,Jie)IUIT 

06JiaCTH npHTHR<eHHH YCTOHliHBOfO pacnpe,LJ,eJieHHH C xapaKTepHCTHlieCKHM 

DOKa3aTeJieM a =f= 2, TO C TeMH )J(e C3MbiMH HOpMnpyiOI.li,HMH MHO)!{HTeJIHMH 

Bm KaK 11 ,LJ,.'IH cyMM (2), cxo,LJ,HTCH K co6cTBeHHbiM npe,LJ,eJibHbiM pacnpe,LJ,e-

s "'n l) 
JieHHHM THna 1Da(X ) pacnpe,LJ,eJieHHH BepOHTHOCTeH BeJIHliHH __!!_ H 

Bn Bn 
.[{ 0 K a 3 a T e JI b C T B 0. .[{eHCTBHTeJibHO, He06XO,li,HMOe H ,LJ,OCT3TOliHOe 

h_ corJiacHo yCJIOBHe CXO,LJ,HMOCTH K npe,LJ,eJibHOMY pacnpe,LJ,eJieHHIO BeJIHliHH 
Bn 

TeopeMe B COCTOHT B BbinOJIHeHHH npH JII060M k > 0 COOTHOllleHHH 

. 1-F(x)+F(-x) 
!:~ 1 - F(kx) + F(- kx) = k a. 

ECJIH F (x) npnHa,LJ,Jie)!{HT o6JI acTH npHTHR<eHHH yCTOHliHBoro pacnpe,LJ,eJi eHHH 

C xapaKTepHCTHlieCl<HM DOKa3aTeJieM a =f= 2, TO 3TO COOTHOllleHHe BbiiiOJI­

HHeTCH B cnJiy TeopeMbi A. 
B CHJIY (9) HOpMnpyiomne K03cpcpnu,neHTbi Bn ,LJ,JIH cxo,LJ,HMOCTH pacnpe-

" -~n ,LJ,eJieHHH BeJIHliHH K npe,LJ,eJibHOMY ,li,OJI)!{Hbl 6biTb Bbi6paHbl K3K HaH-

MeHblllHe KOpHH HepaBeHCTB 

1-F(x(l +0)) + F(-x) -.< !_ _,;;;; 1- F(x) + F(- x(l +0)). 
n 

CorJiacHo (6) TOliHO TaKHM *e nyTeM onpe,LJ,eJimoTCH H HopMnpyioiu,ne K03cfJ­

cpHu,HeHTbi Bn ,LJ,JIH cxo,LJ,HMOCTH cpyHKU.HH pacnpe,LJ,eJieHHH BeJIHliHH (2). 

I ) B nocJie.nHeM cJiy<Jae npe.nnoJiaraeTcH, 'ITO n (3) c =F oo . 
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ECJIH C =/= oo, TO B CHJJY (3) COOTHOlllCHHC (4) npHBO,[(HTCH K BH,ny (8), 
a COOTHOli,ICHHC (6) K BH,ny 

O+c) (1-F(x(l +0))1 < _!_ < (1 +c)[l-P(x)] 
n 

HJIH, qTo TO )!(C C3MOC (aCHMITTOTHqeCKH), K BH,ny 

_!_ 1 _!_ 
1-F((l +ct x(l +O))< - < 1-F((l +c)" x). n . 

Mbi BH,nHM, TaKHM o6pa30M, qTo HOpMHpyiOmHe Ko3<tJcpHU.HCHTbi Bn ,nm1 

CXO,[(HMOCTH <tJyHI<I.J.HJ{ pacnpe,neJJCHHH CYMM (:2} JIHlllb ITOCTOHHHbiM MHO)!(H­

TCJICM OTJIHqaiOTCH OT HOpMHpyiOIJ..I:HX K03<tJ<tJH!J.HCHTOB, C KOTOpbiMH <tJym>-

?j,. 
U.HH pacnpe,neJJCHHH BCJIHqHH CXO):(HTCH K npe,neJJbHOH. 

Bn 
TaKHM o6pa3oM, eCJIH <PYHKU.HH pacnpe,neJJeHHH cyMM (2) cxo,nHTCH 

K npe,nCJi bHOMy pacnpe,nCJJCHHIO C xapaKTCpHCTHqeCKHM ITOK333TCJICM cc =/= 2, 
TO C TCMH )KC HOpMHpyiOIJ..I:HMH K03<tJ<tJHU.HCHT3MH B n HMCIOT MCCTO npe,neJib 

l!l>IC COOTHOlllCHHH 

lim PGn < xBn} =e-x- a (x > 0) 
n-+<» 

Jo( 

1-'b CKa3 a HHoro M0)!(HG ~,neJJ aTb TOT BbiBO.ll., qTo ecJJH F (x) npHHa.D.JJe­

)KHT 06JI3CTH DpHT5I)KCHHH yCTOHqHBOfO 33KOH3 , OTJIHqHOfO OT HOpM3JibHOfC, 

TO oy,neT HMCTb MCCTO T 3 IOKC CJi e,nyio m ee npC.D.CJi bHOC COOTHOlllCHHC 

1m - - ?'-- < x = W(x, I . P{s,.-An } ) 
n-+oo ~n 

r.ne W(x) - IICKOTo poe co6CTBCHHoe pacnpe.neJieHHe . 

T eo p eM a 4. EcJIH np11 HCK OTOpoM Bbi6ope nocTOHHHbiX An H Bn 

<tJyHKUHH pac npe.D.CJICHHH BCJIHqHH ~!.. -A 
B,. n 

npH n __.,. oo CXO.LJ.5ITC5I 

K pacnpe,Qe.rieH m o A (x ) HJIH pacnpeJI.CJICHHIO Wa(x) (a > 2), TO <PYHKUH H 

F (x) npHH a.D.JIC)KHT o6JiaCTH npHTH)K CHHH Hop~IaJII>Horo 3aKoHa. Hop MHp yiO­

mHe MHO)ImTeJIH Bn B CJiyqae cxo,nHMOCTH K p acnpe.nCJICIUIIO w" (x) np11 

.'II060M c > 0 Y.LJ.013JI CTB0p5110T COOTHO!lJ CHH5IM 

1 

Bn 0 ) n« 0 . 
- 1 = (n• ; - = (n ' ). 

a B,. 
ll 

n 0 K a 3 aTe Jl b c T B 0 . DpH a> 2 Harne J'T13Cp)l{,Ll.CHHC oqeJ3H,Ll.llO 

B CHJI)' TeOpCMbl l. Jl.OJ<333TCJibCTB3 Tpe6yeT TOJibKO CJiyqaft a = 2. Hai\I 

HY)KHO n oKa3aTb, q·ro ecJi u p acnpe.neJieHHe F ( x ) y.non.ri eTnopH eT yCJioBHK:> : 

npH JII060M fl > 0 H X __.,. 00 

(11) 
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TO OHO npf!Ha,LI,Jie:>IUIT 06JiaCTH npHT5DKeHHH HOpMaJibHOfO 3aKOHa H, CJie,LI,O­

BaTeJibHO, y,LI,OBJieTBOpHeT cooTHorneHHIO: npH x ·~ oo 

x 2 [1-F(x) +F(-x)] 0 J z!dF(z) - · 
1~1 <x 

BBe,LI,eM ,LI,JIH KpaTKOCTH o6o3HaqeHHe 

ex (x) 
1-F(x)+F(-x) = - ; 

x' 

(12) 

<PYHKUHH a(x) B CHJIY (II) npH mo6oM k > 0 y,LI,oBJieTBOpHeT yCJioBHIO 

npH X~ CXJ 

(13) 

TaK KaK 
X X X 

J x'dF(x) =- J x 2dcx;~) = 1-x~cx~:) +2 jcx;x) dx= 

lxl<x 0 0 0 

X 

=- u(x)+2 ja;x) dx, 

0 

TO ( 12) 3KBHBaJieHTHO COOTHOllleHHIO 

X 

1 fcx(x) 
-() -dx-oo. 
IX X X . 

(14) 

0 

Harna 6JIH)!{aHWaH 3a,LI,aqa COCTOHT B TOM, qT06bi 06Hapy)!{HTb, qTo 

COOTHOllleHHe (II) HJIH, qTo TO )Ke CaMoe, (1 3) BJieqeT 3a C060H (14) . 

C 3TO}I QeJibiO 3aMeTHM, qTo tPYHKUHH ex(:) HBJIHeTCH HeB03pacTaiOLUeH, 
X 

H 3aTIHllleM CJie,LI,yiOLUYIO oqeBH,LI,HYIO u_e noqKy COOTHOllleHHH, BepHyiO npH 

JII060M QeJIOl\1 TIOJIO:tKHTeJibHOM s : 

X X x2-j+l 

_1_ f ex (x) dx~ _1_fcx (x) dx= _1_ 2 f 
cx(x) X ,r a(x) X cx(x) i-l . 

0 x2-s x2-J 

ex (x) , 
-- dx ... > 

X -

x21-j 

1 ~ cx(x2-i) J d = _3_ ~ a(x2-i). 
> -( ) ~ 22-2j x x 2cx(x) ~ 

IX X i=l X x2-j j=l 

TaK KaK ,LI,JIH Ka)I<,LI,oro s npH ,LI,OCTaToqHo 6oJiblllOM x 

cx(x2-j) 2 
cx(x) >3• 

To ,LI,JIH JII06oro s 
X 

1 f a(x) 
cx(x) xdx> s. 

0 

QqeBH,LI,HO, qTo Tpe6yeMOe ,LI,OKa3aHO. 
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ToJihKO qTo npHBe,neHHoe ,noKa3aTeJibCTBO Toro, qTo H3 (13) CJie,nyeT 

( 14), npHHa)l)le)KHT MoeMy yqeHHKY IO. IT. CTy,nHesy. 

OcHOBbiBaHCh Ha pe3yJihTaTax H. B. CMHpHOBa, co,nep)KaW,HXCfl so BTO­

poii qaCTH pa60Tbl [6], MQ)KHO Bb!BeCTH p5I,n Teop eM, no,no6HbiX TeM, KOTOpbie 

,!I.OI<a3aHbi B HaCTOHW,eM naparpacpe. Ll.JIH HJJJIIOCTpall,HH Mbl DpHBe,D.eM cpOp­

MYJIHpOBKY o,nHoro TaKoro npe,nJIOR<eHH51. 

Pa c noJIO.I!<HM BeJI Hqm·Ibi 

I ~1 I, I ;~ I, ... , I t,.l 
B nop5I,nKe Bo3paCTaHH51. 06o3HaqHM h-y10 BeJIHqHHY cnpasa qepe3 ?;,~kl ; 

5ICHO, qTQ (~1 ) = Sn· 
Teo p eM a 5. EcJIH cpvHKll,Hfl pacnpe,neJi e HH51 F (x) npHHa)l)leR<HT 

06JI3CTH npHT5I )KeHH51 YCTOi1qHBOrO 33KOH3 C xapaKTepHCTHqeCKHM DOK333Te­

JieM a =/= :2, TO C TeMH )Ke C3MbiMH HOpMHpyiOW,HMH MHOR<HTeJ151~1H B 11 , KaK 

H ,li.JI51 CYMI\1 (2), CXO,li.5ITC5l K C06CTBeHI-IOM)' npe)l.eJi hHOMY pacnpe,neJieHHIO 
( (k) 

¢YHK11.HH pacnpe,neJJe iiHfl BeJinquH ., ; npc,neJibHoe pacnpe,neJierme onpe,ne­
B,. 

JI5IeTC51 paBCHCTB3MH 

(J)~k) (x) = 0 ,D.JI5l x < 0, 

xa 

(J)(k) (x) = 1 J zk-1 e-z dz ,ll.JI5I x > 0. 
a (k-1)! 

0 
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