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06 OJI.HOM HHTerpO-JI.H<fJ<fJepeHU,HaJibHOM COOTHOllleHHH 8 TeOpHH 

ynpyroH HHTH ( KaHaTa) nepeMeHHOH }I,JIHHbl 

A. IO. Htu/lllHCKtu'i 

YnpyraH HHTb (HJm I<anar) c rpy3oM na KOHUe npe.ucraBJmeT co6oil 

MexamJqecKyio cnCTeMy c 6ecKoJieliHbiM <mcJioM crenerJeH cno60.Ubi. HaJII1LJHe 

neil36e)Jmoro mryrp.ermero rpeHHH llrarepHaJia HHTH (wm KaHara), a raioKe 

TpeHHH rpy3a 0 B03.UYX I1pHBO,UHT K cpaBHHTeJibHO 6biCTpOMY HCLJe3HOBe.HHIO 

113 C!leKTpa LJaCTOT KOJie6aHHH CHCTeMbl BCeX Bb!CIIIHX LJaCTOT, T. e. I< TaK 

Ha3b!Bae~10MY OCB060)K,UeHHIO OCHOBHOfO TOHa CHCTeMbl. f1o

CJie,UHCe 06CTOHTeJJbCTBO JI:eJiaeT B03MO)KI!bll\1 I1pH6JimKeHHOe 

X+U(X,f) paCCMOTpemie Kal!aTa C rpy30M Ha KOHUe KaK MeXaHHLJeCKOi{ 

CHCTeMbl C O}U!OH CTellel!b!O CB060,Ubl. 

m 

PHc. I. 

I-IanpHMep, B Mero;Le PeJieH JLJ1H cJiyLiaH KaHara nocTOHH

HOH ,UJIHHbl npmmMaeTCH, LITO BCe 3.lleMeHTbl CHCTeMbl COBep

IIIaiOT rapMOHHLJeCKHe .UBIDKeHH51 C O,L]JWH H TOll )Ke <}Ja30i:'J. 

AMnJIHTY.Uhi 3THX .un·mKeimii npniiHMaiOTCH nponopunonaJihHbi-

MH CT3THLJeCKHM nepeMeW,eHHHM 3.lleMeHTOB CHCTeMbl IIO,U 

,UCHCTBI1-eM IlOJ.(BeiiiCHHOrO rpy3a. ,lla.llCC COCTaBJ!5110TCH BblpaJKCHI151 KHHeTH

lJCCI<OH H !10TCHUH3Jibi!Oi{ 3HCprHH CHCTCJ\Ibl H HCITO.llb3yeTC51 ypaBHeHHe Jla

rpaiDKa BTOporo po.ua, IIpHl!eM 3a o606HLeiiHYIO KOOp,UHIIaTY 06bil!HO I1pHIIH

MaeTC51 nepeMelll,eHHe rpy3a. 

B KOHCLJHOM CLJeTC .lLeJJO CBO,UHTC51 K 06bJ<JHoMy .UH<}J<}JepeHUHaJibHOMY 

ypaB.HCHHIO rapMOHHlieCKHX IWJJe6aHHH, KOTOpOe HMeCT TOT )KC BH.lL, I<aK 

H B CJiyqae KaHaTa, JIHUJeHHOI'O 1\IaCCbi; O)l,IJaKO MaCCa rpy3a OI<a3biBaeTCH 

yBeJIHLJCHIWH Ha OJLHY TpeTb 1\IaCCbl KaHaTa (TaK !Ia3biBaeMaH norrpaBI<a 

P eJieH). 

HcrrocpeJLCTBemroe npnMeHeHHe MeTO)J,a PeJieH K KaHaTy rrepeMeHHOH 

;LJIHI!bl BCTpeqaeT 33Tpy ,U!IeHHH, o6ycJIOB.'!eiiJibie C.T!O)J<lJOCTbiO rpaHHlJHbiX 

yCJroBHH , a TaK)Ke Tel\I o6.cT051TeJibCTBOM, <no ypamreHHH JlarpainKa BToporo 

po;La C!lpaBe;LJIHBbl JIHUJb JI:jJ5J CHCTCM, MClCCa KOTOpbiX B npou_ecce .lLBH)KeHHH 

He H3Mer15IeTC51. 

HerpyJLHO noKa3aTb, lJTO y)Ke B npnMeHeium K Kamny nocTOHHHOJ':i .UJIH

Hbi (pH C. 1) MO)KHO H36e)KaTb Bbll{.J!a;LOK, CB513aHHbiX C HCI10Jib30BaHHCM Bbl

pmKeHHH JL,TIH KHHeTHl!eCJ<OH H !lOTCHUHaJibHOH 3I·!Cpi'HH KaHaTa H IlOJI.YLIHTb 

TO )Ke CaMOe .lLH<}J<}JepeHUHaJibHOe ypaBHeHHe, OTripaBJ!5151Cb Henocpe;LCTBeHHO 

OT JLH<}J<}JepeHIJ,H<l,T!bHOI'O ypaBHeHHH KaHaTa 

()2u a2u 
(' 7ii2 = E a-:0 (1) 



C rpaHHqHbiMH YCJIOBHHMH 

u(O, i)=O, (2) 

3n:ecb Q - rrJIOTHOCTh KanaTa, F- rrJI OIJJ:a,LJ,b rrorrepeqnoro ceqenHH, E
MOJJ,YJib yrrpyrOCTH, U = U (x, t)- CMemCHI1C TOqeK K3H3Ta OT fiOJIO)KCHHH 

paBHOBCCHH, m- MaCCa ITOJJ,BCiliCI-IHOrO rpy3a. 

I1MeH B BHJJ,Y 13 JJ,aJibHeihncM HCK(lTh rrpH6JimKCHHOC pelliCIIHe B BHJJ,e 

u (x, t) = Xrp (t), (3) 

yMHO)KHM rrpaByio 11 JieByiO 'IaCTH ypaBHeHHH (I) Ha x H rrpomnerpnpyeM 

HX 13 rrpe,LI,CJiaX OT X= 0 JJ,O X= {, Mlii-IHI\1H3.HpyH TC!vl caMh!M HCI3513KY OT 

3aMCHbi B ypaBHeHHH (I) TO'II-IOro 3J-IaqeJ-mH u (x, t) nprr6JimKeHI-IhiM. 

B pe3yJihTaTe, HCITOJib3YH mnerpaiJ:HIO no qacTHM, rroJiyqHM .cooTnorneHHe 

L I l l 

f a2u 1. a~u au I Jau 
Q x(it~dx=E x 0x 2 dx=Ex 0x -E 0---;dx. (4) 

0 0 0 0 

I1crroJib3 YH nepBoe rpmmqnoe yc.TJOBHe (2), rrpnxon:HM K cpopMyJie 

l 

O!l (!, i) - f r)!u ~x~ d + E (I t) 
El ox - Q X ()f2 X ll , ' (5) 

0 

KOTOpaH COBMCCTHO CO BTOpb!M rpaiiH'IIIb!M yC.TlOBHC~! (2) ITpHBOJJ,HT K HH

T,erpO-,LI,HcpcpcpeHIJ:HaJib!!Ol\-IY COOTHOiliCHHIO 

l 

m ()2u (1, t) + (.IFf x a~u(x_._!) dx+ EF ll (l f) = 0 
ot2 l ot1 L ' · 

(6) 

0 

00JJ,CTaBJI5151 CIOJJ,a Bb!pa)KCHHC (3), ITOJI Y lJHI\! JJ,Htj)(pCpCIH~HaJibi!Oe ypaBI-ICHHe 

( 1 'd2rp EF _ 
m + 3 (?Fl) df! + - l cp-0, (7) 

DTJIJ1liaiOmeeCH OT ypaBIICHHH, COCT3BJI CIIIIOfO ITO MCTO/~Y Pe.TJCH, .TJHillb ITO

CTOHHI-Ib!M 1\HIOR<HTCJieM. 

3a!I1.CTHM, -qTo rrpH COCT3BJICHI1H npHOJJH)J->CIIHb!X ypaBI-ICHHH CJICJJ,yeT 

H36Cr3Tb JJ,IHj)(pepeHIJ:HpOB<HUIH rrpH6J!If)KCIIIIblX npe,LI,CTaBJICIIHH HCKOMhlX BC

JIHlllii-I, T3K K3K 3TO I-ICH3 6C)JUIO BC)J,CT K 3 1-Iaq!fTC.IlhHOH YTCpe TOqJIOCTH. 

EcJIH, narrpHMep, rrpHo.nmKeinio.c npe)l,CTanJICI-me CM CIJJ:ei-IHH u (x, t) co

rJiacno cpopMyJie (3) I-Ierrocpen:cTBeHno rron:cTaBHTb BO BTopoe rpmmqJioe 

YCJIOB!Ie (2), TO rrpH,LI,CM K ,LI,HcpcpepeHUHaJibi-IOMY ypaBIICHHIO 

d'cp EF 
m dT~ + -~ rp=O, 

3J-IaqHTCJ!bHO MCHC.C TOqi-IOMy, qeM ypaBHCHIIC (7), T3K K3K B.f!HHHHe C06-

CTBCHI-IOH MaCChi K3H3Ta OCTaCTCH HCyqTCHHbiM. 

0epeii:JJ,eM Terrepb K COCTaBJICHIIIO rrprr6JIH)KCHHOfO ypaBI-ICHHH )J,BH)KCHHH 

rpy3a Ha KaHaTe rrepCMCIIHOH JJ,.TJHHbl (pHC. 2), HCITOJ!b3 YH rrpneMbl, anaJIO

rWIHb!C TOJibKO qTQ H3J!O)KCHI-Ibll\!. lJepe3 ll (X, f) oy,LJ,eM 0603HaqaTb B JJ,aJib-
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HCHillCM ITepeMelll,CH11C K3KOfO-JJH60 CClJC!-jHH K3H3Ta OTHOCHTCJlbHO rpy3a ITO 

cpaBHCHHIO C ITOJIO)KCHHCM 3TOfO CClJCHHH npH HCH3THHYTOM KaHaTe; 6yKBOH 

x o6~3HalJaeTCH pacCTomme paccMaTp.HsaeMoro ceqemm OT rpy3a ITPH H e 

HaTHHyTol\1 I<aHaTe. 

0603 H3'1HM ,U3JICC oyKBOH ~ pa.CCT05II-IHC rpy3a OT TOlJKH CXO,Ua KaHaTa 

C KO.'!CCa. QqeBH,UHO, lJTO BCJIH'll!H3 

l (t) = ~- tl (l, t) (8) 
npe,UCT3BJIHCT C060IO TaK Ha3bJBaervlyiO CCTCCTBCHI-IYIO ,UJIIiHY KaHaTa, T. e. 

,UJIHHY K3HaTa Me)K.UY KOJICCOM H rpy30M B HCHaTHHYTOM COCTOHHHH. 

Bbrpa)I<eHHH 

au (x, t) d~ v= --- - -
i)f dl (9! 

cyTb a6coJIIOTHbie CKopocTH u ycKopeHHH 3.Tiel\rer-ITOB KaHaTa. 

li,HcpcpepeHI.J.H3JlbHOC ypam-I CIH-IC ,UBH)KCHH5! 3 .'lel\ICIITOB KaHaTa, K3K HC-

X+U (X, f) 

PHc. 2. 

TPYl i.HO y6e.uuTbCH, HMee-r BH.U 

1 iJ2u d 2;) iJ~u 
f! \ ot1 - di"- =E ox~ - qg, (10) 

r,Ue g - ycKopeHHe CH.'Ibl TmKCCTH. 

3,UCCb H B ,UaJibHeHillCi\1 BCIO.UY Y'IHTbiBaeTC5! CHJi a 

TmKeCTH 3JICMCHTOB KaHaTa H rpy3a, T3K KaK ll (X, f) 
5IBJI5IeTC5! TeiTCpb ITepeMClll,CHHCM 3JICMCHTOB KaHaTa, 

OTC'IHTb!BaeMb!M OT ITOJIQ)KCHHH HX ITpH CCTCCTBeHHOM 

COCTOHHHH KaHaTa, a He OT ITOJI0)KeHH5! paBHOBCCHH, KaK 

3TO 6b!JIO BblillC. 

fpaHH'IHbi e ycJIOBH51 na HH:t~meM KOHIJ.e KaHaTa 

CBO,UHTCH K paBeHCTBY 

u(O,t)=O 
H K ypaBHe HHIO ,UBmKCHH51 rpy3a 

d2~ iJu (0, f) 
m dt2 =- EF - 0x +mg. 

( 11 ) 

(12) 

l.JTO K3CaeTC51 rpaHHlJHOfO YCJIOBH51 Ha BepxHeM KOHIJ.e K3H3T3, T. e. 

ITpH X = f (t), TO OHO ,UOJI)!{J-IO Bbipa)!{3Tb paBCHCTBO MC)!{,Uy CKOpOCTbiO 3JIC

Me!-ITa KaHaTa, ITpHXO,U5Illl,CfO B COHpHKOCHOBCI-IHe C KOJICCOM (HJIH, Ha060pOT, 

ITOKH,U3!-0lll,Cf0 KOJieco) H OKpy)!{HOH CKOpOCTbiO 3TOfO KOJieca V, T . e. 

au u. t> ds _ <13> 
iJt - di- v. 

DpH 3TOM ITpe,niTOJiaraeT.CH, lJTO CKOJib)!(.CIIHC KaHaTa ITO KOJiecy OTCYTCTBYCT. 

3aMCTHM, 'ITO ,UHcpcpepeHIJ.HpyH COOTHOillCHHe (8) ITO BpeMCHH C Y'ICTOM 

TOfO 06CT051TCJibCTBa, 'ITO f = f (f), ITOJIYl!HM 

dl d~ iJu(l,t)dl iJu (l,t) ( 14) 
dt dt iJx dt - iJt 

d~ 
J1CKJIIOlJa5I ITOCpe,nCTBOM llOCJIC.l(HCfO paBeHCTBa BC.'!HlJHHY df H3 COOTHOW.e-

HH5! ( 13), npHXO.l(HM K CJie,UyiOlll,eMy YCJIOBHIO : 

[ 1 + q_u (~)] dl = _ v. 
iJx dt 

(15) 

'l7'l 



ECJIII KanaT cMaThma c TCH c KO.rreca, TO y~!CCTHO ClfiiT3Tb 3a,Ummoi1 cpyHK

u.mo l ( t). B 3TOM cJiyqae cooTI-IOilleHIIe ( 15) IT03BOJIHCT naihu BCJIII'IIIHY 

(16) 

T. e. OTHOCHTeJibHOe YJJ:JIIIHCI-IHC BCpXI-!CfO 3JICMCHT3 KaHaTa. 

HarrpoTHB, rrpu HailfaTbmaHHH KaHaTa na KOJieco ecTeCTBei-mo ClfHTaTb 

¢YHKU.HIO l ( t) HeH3BCCTHoi1. CooTHOillCHHe ( 15) CB5I3biBaeT B 3TOM cJiyqae 

I1pOH3BOJJ:HYI-O 3TOH cpymm:rm C OTHOCHTE' JlhHbll\1 y,JJ:JII-UICIIHCM 3JICM-CHTa Ka

naTa, rrpuxo,n;Hmero B .coiTpHKOCHOBer-me c o6o,n;oM IWJreca. BITpotJeM, H3-3a 

MaJIOCTII B CJ!HlfHHbl ,n;ecpOplVIall,HH ( 16) flO cpa131ICHHIO C C,UHHllll,CH MO)KHO 

rrpHHHTb, 'ITO C 60./lblllOi-i TOlfHOCTb!O CrrpaBCJJ;JIHBO p aBCHCTBO 

dl 
dt = -v. (17) 

YMHO)JmM, KaK u paHee, ITpanyJO u .'leByio tJaCTH ,n;ucpcpepeHll,HaJibHOro 

ypaBI-!CHHH (1 0) Ha nep eMCIIHY!O X H IIpOHI!TerpHpye~I IIX B ITpe,Ue.'laX OT 

x = 0 ,n;o x = I; ITOJIY'lHi\1 

I 

f o2u(x, 
Q x at2 

0 

t) / 2 d~ g au (l, t) / 2 
dx-n- - =El --- - - - Eu (l t)- og -

' 2 dt~ ox ' ' 2 . 

Hali,n;eM ,n;aJiee CBH3b MC)KJJ:Y neJIH'lHHaMII 

ou (l, f) 
- --- -ox II 

0!1 (0, f) --ax-

(18) 

(19) 

,UJI5I lJCrO ITpOHHTerpupyeM rrpaByJO H .'ICBYIO lJ3CTH JJ;HcpcpepeHll,HaJibHOfO 

ypaBHCHHH ( 1 0) HCITOCpe,n;CTBCHHO ITO X B TCX )KC ITpe,n;eJiaX. B pe3yJibT3TC 

ITpHJJ;CM K COOTHOillCHHIO 

I 

f aJu (x, f) d 2g r au (l, f) au (0, t)J 
Q Of2 dx- el dt' = E ,- --a;-- - -o~ - Qgl, 

0 -

(20) 

KOTOpOe B Cylll,HOCTII ITpe,n;CT3BJI5ICT C060H ITpHJIO)KCHHe rrpUHll,IIITa )laJiaM6epa 

K JJ;BH)J{CHHIO pa60lfCH tf3CTH KaJ-IaTa. 

YMI-IO)I<Hl\1 TeiTepb rrpaBbre II JICBbre traCTH rpaHHtrHoro ycJIOBIIH ( 12) 
ua l, cooTHOilleHHH ( 18) na F H, HaKoHell,, cooTHomeHIIH (20) Ha -IF H co

OTBeTCTBeHHo CJIO)J{Hl\1 l!X. B HTOre BCJ!HlfHHbl ( 19) UCKJIIOlfaiOTCH II o6pa-

3 YCTCH coonromenne 

I 

( 1 ) d 2g J a~u (x, f) 
m + 2- QFl l df~- QF (l-x) 012 dx = 

0 

=- EFu(l, f)+ (m + }f?Fl) lg, (21) 

co,n;ep)J<amee cpyHKll,HH u{x, t), Ht) II l(t). 
Opo,n;IIcpcpepeHU:HpyeM ITo BpeMe Hn o6e traCTH paBeHCTBa {13); Y'IIITbi

BaH BHOBb, trTO I =l ( t), HMeeM 

() 2u (l, t) dl asu (r. f) ~~ dv 
- Jx ot dt + oi~ df~ df ' (22) 

373 



OTKy,n:a MmKHO HeMe,n:Jreuno orrpe,n:eJIHTb BTopy10 rrpoH3BO,n:uyJO cl>YHKUHH Ht) 
H llO)J,CTaBHTb ee Bb!paJKe~me B COOHIOWeime (21). B pe3yJibTaTe IIOJIYlJHM 

CJie,n:yiOIUee OCHOBHOe HI!Terpo-)J,HcpcpepeHUH3JibHOe COOTIIOWCIJHe: 

( 1 ) iJSu (/, t) ( 1 ) dl iJ 2u (!, t) 
m + 2 qFl l-----at2- + m + 2 (!Fl l dt iJx dt -

l 

f iPu (x t) 
-QF (l-x) iJt2' dx+EFu(l,t)= 

0 

( 1 ) dv ( 1 ) = m + 2 QFl l dt + m + ~r (!Fl lg, (23) 

B KOTOpOM OKpy)JUiaH CKOpOCTb KOJieC a V H cj)yHKUHH f (t) CB5133Hbl paBeH

CTBOM ( 17) HJIH, B 6o.1ee TOlJHOH nocTaiiOBKe, paneHCTBOM ( 15). CooTHO

w euue (23) l\IO)KeT 6biTb HCnOJib30Baiio )J,JIH cocTaBJiermH rrpH6J!'H)KeHHbiX 

ypaBHCIIHH KOJIC03HHH rpy3a !Ia I<aHaTe n ep e MCI-11-IOH )J,JIHHbl. 

TaK, rrpe,n:rroJiaraH, I<aK H Bbiwe, lJTO 

,u:(x, t) = XqJ(t), 

IIpHXO)J,HM · IIOCJie OlJCB H)J,HbiX rrpeo6pa30B31111H K JIIUieHHOMY )J,HcpcpepeHUH

aJibHOMY ypaBHCHHIO OTHOCHTCJibHO ci>YHKUHH <p (f) 

(m + }QFL) i~Jj + (m + ~ (!Fl) ~~ ~1 + EFrp = 

( 1 ) dv ( 1 ) = m + 2 qFl di + m + 2 QFI g. (24) 

YpaBHCIIHe (7) Mmimo paccMaTpHBaTb KaK qacTHbiH CJiylJali ypaBHe

HHH (24) IIpH f = const H, CJie)J,OBaTeJibHO, B CHJIY paBCHCTBa ( 17) HJIH 

(15)- rrpn v = 0. DpanaH liaCTh ypam-remm (24) o6ycJIOBJIHBae T npn .9TOM 

cpe.~nee y,n:JIHHCHHe KaHaTa no,n: ,n:eiiCTBHeM co6cTBeHHoro neca. 

B ,n:pyroM qacTHOM cJiyqae, ecJm npeHe6pelJb co6cTI3e iiiiOH Maccoi1 Ka

HaTa, T. e. IIOJ!O)!UiTb B ypaBHCHHH (24) Q = 0, npHXOJLH l\ l K ypaB!I CHHIO, 

KOTOpoe HCC.lC)J,OBcW H. n. HepoHOB. 

DpueMaMH, auaJiorHlJHbiMH BhllliC H3JJO)KCHHhiM, MOJIOIO noJiylJaTb HH

Terpo-,n:mpcpepeuunaJrhHbie COOTHOWCIIHH H npH6JJH)KCHHblC ypaBIICHHH .~JI51 

I{aJ-IaTOB rrepeMeimoii )J,JUII-Ibi c yl!eTo~r neconepwem-roi! ynpyroCTH. 
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