
!953 YK.PAHHCKHYf MATEMATHLIECKHYf /KYPHAJl 
HHCTHTYT MA TEMA THKH 

T.V,N~4 

YcJiooue rnnep6oJIHIJHOCTH O.ZI.HOro KJiacca pnMaHOBbiX 
nooepxuoCTeH 

JI.. E. floTflcaiiAo 

1. nycTb cpyHKIJ.HH f (z) rrpOH3BO,UHT KB33HKOHcpOpM!IOC OT06paM.CHHC 

I<pyra I z I< R <; oo Ha ,UaHHYIO OTKPLITYIO o,UnocBH3HYIO pHIItaHony rronepx­

IIOCTh F. EcJJH F * C F LI.BYCBH3HaH lJaCTb F, cooTneTCTBYIOJU.aH KOJJLU.Y 

r0 <I z I< R, TO, KaK H3BeCTIIO H3 pa6oTLJ Jl. H. BoJJKOBbiCKoro, HMeeT 

MCCTO CJIC,UyiOliJ.3H OIJ.CHKa ,ll.JIH MO,UYJI5I F *: 

R ~ R 

f d In r / * 1 r f 1 . di.. 2n 2, ·""_In .u (F ) < -2 dt - ; - d dIn r, · n Sin y s 
ro f _ 1_ d~d/ 0 ro 

sin r di. 

(1) 

0 

r}J.e )"- yroJJ 1\IC)!()l,y JIHHH5IMH rr .H Pt Ha F, COOTBCTCTBYIOUlHMH OKPYMHO­

CTH!\1 ! z I=-= r, 0 < r < 1, H oTpe3KaM arg z ~~ l, 0 < t < 2:r, n Kpyrc 

I z I < r, a dJ. H ds - corrpmKeHIIbiC rro.riy/I.HaMeTpLI 6ccKoHelJHO MaJwro 

.3JIJIHITCa Ha F , COBITa,ll.aJOIIJ.HC no narrpanJ! CHIIIO c KpHBbiMH Pt H rr. npe,U­

TJOJIO}!(HM Terre ph, lJTO 1\lbl Hl\!CCM HCKOTopyiO pHMCliiOBY ITOBCpXIIOCTh (Jj * 
c 3a).J.aHHhiM Ha ueii pacrrpCl J.CJienu.c;-,r xapaKTCpHCTHK p H 0. Ocy!li.eCTBJIHH 

{p, O) KBa3.HKOHQ)OpMHoe oTo6pmKCJUIC <lJ Ha F TaK, trT06hi 6ecKoHelJHO Ma­

Jihiii 3 JI.TIHIIC HepCXOJI.JUI B 6~'CKOI!CliHO 1\!aJlbiii Kpy)IWK, l\!0)1{!10 JlOJIYlJHTh 

,UJI5I MO,LI.YJ15I ,ll.BYCB5I3HOi1 traCTH (/j'=' C {/) OU.CIIKy, aHa.•IOf'HtlllYIO np.e,Ubi,Uylll.eH. 

A HMCIIHO, HCXO,UH H3 nepaneHCTBa 

pd}.. 
Sin.-;;-ds' 

f',Ue dA.t , dSt H Yt - COOTBCTCTBCHHO TJOJIYJI.H3MCTpbl 6eCKOHClJHO 

3 JIJIHITCa .H yr0.1 MC}!Z,Uy HHMH Ha llOBCpXIJOCTH W, llOJIYlJClCM: 

R 2" R 

0 _ f dIn r ( ;.:- . 1 f f p d). -" 2, < In !t (/j ) < 2 - dt - .- d--- dIn r. 
. d .'1: sm r s 

ro J --f?-- __.!.. df 0 r 0 

sm r d). 
0 

MaJioro 

(2) 

* 3J.{eCb, K a K H B J.{aJibHeHrneM, Mbl paCCMaTpllnaeM TO.'lbKO OTKpbiTble OJ.{HOCBH31lble 

nonepxuocTH. 
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Jb ITOCJi e)]JICH OU.eHKH HCITOCpe,D,CTBeHHO BbiTeKaiOT J~OCTaTO'IHbie YCJIOBHH 

JI.JIH rnrrep6oJIH'I.eCKoro HJIH rrapa6oJm<IecKoro THrra rroBepxHOCTH W. B <IaCT­

HOCTH, ,li,JI5I !'11ITep60JIHlfHOCTH lP ,li,OCTaTOtfH(I CXOJ~HMOCTb HIITerpaJia 

2:t ]{ 

_!_ J dt J -f!--- dJ. d In r 
2n sm y ds 

0 r 0 

11JII1, lfTO TO )Ke CaMOe, .HHTerpaJia 

2:1' 

- 1 Jdtfprj_f dl, 
4rri dn 

0 P1 

r,11,e dn o6o3Ha'laeT 3JICMeHT HOpMaJII1, a dX -- 3JieMei!T ~'l.yrl1 na KpHBOH P 1• 

2. Ou.enKa ( 1) rro3BOJ15IeT ycTaHOBI1Th rrpH3 HaK JI.JI51 rl1rr.ep6oJJH'IeCKoro 

nma CKJiei1BaJ-IH51 rroJI YITJIOCKOCTI1 I (z) )> 0 c H eKOTopoi1 cpyHKIJ.I1eii CKJJei1Ba­

IUI51. KaK 'li3Be cTHO [1 ], JI.Jm :noro JI.OCTaTO'IHa cxoJ1,11MOCTb p5I,D,a 

<» 1 2: -----·--····---- ·------
k=of'(to)f' (tl) ... f'(l,t-I), 

I'/J,C f (f) - COOTBeTCTBYIOill.aH cpyHKUH51 CIWCHB3HHH ,li,JIH IlOJ!OCbl S, K KOIOpOH 

rrepexo,11,11M c rroMon~biO rrpeo6pa3oBaHmi 1v =' In z. B K<PieCTBe JJHHHH P 1 

(0 < f < 1) np11 3TOM 6epeTCH 6eCKOHe'IHilH TIOCJie,D,OBaTCJibHOCTb BepT11-

KaJJbHbiX CC'ICIU!H P1k ITO.TIOCbl S, npoBe;~eHHbiX 113 TO'ICK tko f? = 0, 1, 2, . . . 
onpe,D,C.TI5JJOTCH H3 COOTH0f11CHH5! 

i = 0, 1, 

a fo - HCKOTOpaH JI11HeihTaH (pyHKU.115I OT f . 
AHaJJ01H'IHO H3 (2) ITOJiy'laeTCH CJieJI.yiOIJlHii npHaHaK mrre p6oJJ.H'ICCKoro 

Tl1rra cKJLeHBaHHH JI.JIH rroJIYIIJIOCKOCTH I (z) )> 0 c a a ,r~aHHbiM Ha neii pacnpe­

,D,eJJeHHeM xapaKTe pucTHK p(z), O(z): 

i; Lk 
k=of'(fo)f' (/1) · · · f' U~c-J) <ex:>, (3) 

r,11,e 

Lk= f pdJ., 
ptk 

a f(f) H fo, f1, .. . ·- BCJIH'IHHbl, onpe,ll.eJH~HHb!C Bblll!C . 

3. PaccMoTpHM Terrepb KJJacc B * piiMaHOBbiX rroBepxHoCTei1, noJryqa-

eMbiX c.ne;wioUJ;HM o6pa30M. Ha ITJIOCJWCT.H w (.TJHCT Ho) 113 TO'IeK wk = 'Vki 

U~~c' = - Vkf, 0 < f? < =, pacnOJIO)KCHHbJX Ha MHHMOH OCH, rrpOBO,li,HM 

paape3hi, rrapaJIJieJihHbie ,D,ei1cTBHTeJibi-IOH ocH, B CTopoHy - =. K Ka)KJI.OMY 

TaKoMy pa3pe3y ITOJI.KJieimae TCH 3K3eM ITJIHp rrJIOCKOCTI1 w ( JIHCTbi H k u Hk'), 
Ha KOTOpOl\1 npe,D,BapHTC.TibHO rrpOBO,li,HTC51 O,UHII pa3pe3, paCITOJIO)KeHHb!H Ha,ll, 

.ny'IOl\1, 11JI.Yil1.11M 113 'Wk HJ!H wk'· nocJie yKa3aHHOro CKJieHBaHH51 noJiyqaeM 

p11MaHOBy IIOBCpXHOCTb F, HMe iOill.YIO Ha,D, Wk 11 'W/ aJire6pa11'1eCK11e TO'IKIJ 

BCTBJJCHI1H n e pBOfO riOpHJ~Ka 11 B 6eCKOHC'IHOCTI1 TO'IKY BeTBJICHIHI 6eCKOHC'I­

IIOfO rropH,UKa. 

CoBOKYriHOCTb rroBepxHOCTei1 F, cooTBeTCTBYIOUUIX BCeB03MO)KHbiM 3Ha­

'leHI1HM vk H v/, o6pa3yeT KJiacc B *. 



npe,li,CT3BJIHCTC51 HHTepeCHblM CJJC,li,YJOlll.HH BOnpoc: B K3KOH Mepe xa­

paKTep CTPYKTYPbi nosepxHOCTH I<Jiacca B * BJIHHeT ua ec nm? YcnJHuBJJeHo, 

'ITO B CJiy'lae llOJIHOH CI1!\BICTp1111 1, T . e. npH Wk = W/, 11 npH HCKOTOpbiX 

,li,OllOJJHI1TCJJbHbiX OrpaHHLI CHI1HX OTHOCI1TC.IIbll0 pOCTa 

I w.k+t-wk' I 
nosepxHOCTb J? HBJJHCTCH nosepxuocThiO napa6oJm'!eCKoro THna. O,nuaKo npH 

113BCCTHOM HapylllCHH.H CI1MM.CTp1111 3TO CBOilcTBO ,li,J151 llOBCpXHOCTI1 KJJaC­

ca B * y)l{e He coxpaHHCTCH. TaK, HanpHMep, B CJIY'Iae CHJibHO~i acHMMeT­

pH11, Kor,na W/ = 0, I? = 1, 2, ... , a wk = l?i, !? = 0, 1, 2, .... nosepx­

IIOCTb f? npespamaeTCH B llOBepXHOCTb nmepoOJJHliCCKOI'O Tl1na ( CM. HH)I{C). 

CnpaumsaeTCfl, He coxpaHHeTCH JIH nmep60.iii1'1CCKHH THn 11 B TOM cJJyl!ae, 

Kor,na nonpe:>~meMy wk = l<i, I< = 0, 1, 2, . .. , a IJeJIHl!Hllbi I wk' I B03pa­

CTaioT ,nocTaTOl!HO 6hiCTpo. 0Ka3bll3aeTCH, 'ITO 3To )\CHCTRHTC.'Ib !IO TaK, a HMeH­

HO, Hl\ICCT MCCTO CJICJJ.YIOill.aH TCOpeMa. 

EcA.tt OAJZ noeepxHOCTU J? U3 KAacca B * wk = !?i , !? = 0, 1, 2, ... , 
a tlOcAeooeareAbHOCTb { I w'" I } B03pacraer He AteOAeHHee, •teM zeoMerpu­

ttecKaJZ npozpecctlfl, r. e. 

TO f? - 2ttnep60Atl'teCKOZO TUna. 

H e orpaHH'IHBaH o6mHOCTH ,noKa3aTe.'IbCTBa, npe,ll,nOJJO)I{HM, 'ITO 

wi,=2nk, k=O, 1, 2, ... n lwk+1 -w~<'l > 2n. 

0To6pa3HM yKa3aHHYIO llOBCpXHOCTb KB3311KOHcpOpMIIO Ha llJJOCKOCTb C pa3-

pe30M C HCKOTOpOH cpyHKI.IJtCH CKJJCHBaHI151, KOTopyio onpe,ll,eJII1M HI1)1{C. 

npoBe,neM JJ.JIH 3TOI'O !Hl JIHCTe Ho n o BepXHOCTH J? tiepe3 TO'IKH X = 0, 

Y-- 2k2+ l n, 1 < fl < oo, npHMbiC ak, I1Jl.YUI:11C napaJIJICJibHO OCI1 X. 

l.JaCTb f?, paCHOJIO)I{CHHYIO IIa,n BepxiieH llOJI YllJJOCKOCTbiO np11 llOMOlll.H 

pa3pe30B Ha JI·Hcre Ho BJJ.OJib ak, pacceKae\1 na o6JiaCTI1 Gk, 1 < k < oo, r,LLe 

Ka:>~<,naH H3 o6.TiaCTeH: G" cocTOI1T 113 ,nsyx CI1MMeTp114HbJX o6JJacreii Elc 11 E'k, 
CKJICCHHbiX B,li,OJ!b 6CCKOHC'IHOI'O npHMOJIHHCH-

HOrO pa3pe3a bk (pHC. 1) . C fiOMOI[LbiO npe- ~. /--{%#~~~ 
o6pa3oBaHI1H ~ .~.. . . • • }~ 

;; 0 ;/ % ~;?;;':/ /' 
z-1 (w) = (ew+w)- 1 • / / / · 

OT06pa311M Ka)I{JW IO o6JiaCTb Gk Ha fiOJJOCy sk. 
I < k < oo mHpHHbi 2:-r. 0To6pa)l{aiOlll.aH 

cpyHKI1.11H, KaK HeTpy,nHo BI1JJ.CTb, npH ,li,OCTa­

TO'IHO 60JJbllli1X 3H3'1CHI15IX fxl Cllpasa BC,li,CT 

ce6H, KaK In x, CJJCBa, KaK x. CKJJCI1Ba51 TO)K­

JI:CCTBeHuo llOJJOCy Sk C llOJIOCOH Sk+ l B} {OJ!b 

PHc. I. 

KpaH, paCllOJIO)KCHHOrO Ha,n llpHMOH ak, Mbl llOJJY'IHM OT06pa)I{CHHC pac ­

CMaTpHBaeMOH '!aCTI1 J? Ha sepxHIOIO IIOJIYllJJOCKOCTb. OcTaJihHyio '!aCTb 

fiOBCpXHOCTI1 OT06pa311M 113 IIH:>!U!IOIO llOJJyllJJOCKOCTb C 6eCKOHC'IHbiM '111CJIOM 

1 CHMMCTpHH C TO'IHOCTbiO )1.0 Q - KBa3HKOf!I~OpMHOro OT06pa)KCI!HH. 
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HenepeCeKa!OW."i1XCH 06JiaCTCH KBa3HKOHcpOpMHOCTH, COOTBCTCTBYIOW,HX JIHCTaM 

HJ/, 1 < h < 00. nocrpOHTb yKa3aHHOe OT06pa)KCHHe MO)KI-10 CJie.rr.yiOW,HM 

CI10C060M. DocTaBHM B COOTBeTCTB'He Ka)K.li.OH TOliKe w,' 6eCKOHCliHYIO ro­

pH301-!TaJihHYIO noJiocy B~.: Ha JIHCTe Ho WHpHI-Ibi 2;-r. DpH noMOUJ.H KOHcpopM­

Horo oro6pa)KeHnH, yKa3aHHoro Bhillle, npeo6pa3yeM cHallaJia Ka)K.li.YIO no­

Jiocy B~.: c npHKJieeHHhiM K Heii: JIHCTOM If~.:' B IIOJiocy S~.:' umpm-Ihi 2,-., 3aTeM 

llOJiylleiiHYIO llOJIOCY OTO)K.ll.eCTBJIHeM C HH)l<HCH 110•1YilJIOCKOCTbiO: cnpaBa -

+ 

nocJie npe.nsapHTCJihHoro pacnnKeHHH c xa­

paKTepHCTHKOH p(W), pacryu~eil: K a K U, f.li.C 

w = u -+ iv, cJieBa - nocJie He Koropoif 

orpaHHliCHHOH KBa3HKOHcpOpMHOH .rr.ecpopMa­

U.H'H. CKJICHBan o6e noJiynJIOCKOCTH no 

OTpHIJ.<lTeJihl-IOH .rr.eHCTBHTCJ!bHOif llOJIYOCH, 110-

.TIYllaeM OKOHllaTCJ!bl-10 HCKOMYIO llJIOCKOCTb i 
PHc. 20 

DepeXO.li.H 3 aTCM K 

C pa3pC30M H cpyHK1~Hei.j CKJICHBai-!HH, KOTO­

pa5! acHMilTOTHlleCKH se.rr.er c e6n KaK ex. 
noJioce, BocnoJih3yeMCH KpnTepHeM (3) 0 Cro5!W,an 

TaM no.rr. 3HaKOM xapa1nepncnma B Hallle M c.nyllae HMeeT pa3phiB n.epnoro 

poJJ.a s,n:oJib K<l)!{)J:OH JIHHHH, B Koropy1o nepexo,LI.HT rpmmu.a npa·soif noJiyno­

JIOChi B~.:, 1 < k < oo, a BCIO.li.Y BHe o6Jiacreif D,, coorseTCTBYIOI-UHX S,', 
k = 1, 2, ... , OHa HCnpepb!BHa H He npeBOCXO;J:HT HCKOTOpOH KOHCT3HTbl p, 

(pHco 2) 0 Do3TOMY 

L. = f p dl <- fL + ilc pj (tk) oj (te), 
Ptk j -1 

r.n:e o,(tk)-,n:JIHHa qaCTH CelleHHH Ptk. pacnoJIO)!{eiiiWH B Dj, a Pi(h) = 
= max p (s)- Ha 3TOM )Ke yllacrKe KpHsoii: p1• 

Do,n:CTaBHM IlOCJIC)J:Hee HepaBCHCTBO B (3): 
mk 

fl + ~P - (tk) o_ (tk) 
oo L - "" ~ 1 1 

~ f' (to)!' (tl) ~ .. r (tk-l) <-~ f' (to) p=~t) .. . r (tk-J) 

JlerKo ,n:oKa3aTh, liTO npoH3Be,LI.eHHe p1 U~.:) (51 ( f~.:) paBI-IOMepHo orpaHHtieHo 

.li.JIH BCCX fk. lJ,eikTBHTCJibHO, n~p.eXO.li.H BHOBb K IlJIOCKOCTH W, 3aMellaeM, liTO 

lwil +n [Jj(tJ<)t <. arctg u . 

C.ne,n:oBaTeJihHO, npn ,LI.OCTaTOliHO 6oJihWHx u BeJIHli.Ima [r51 U~.:) ]w y6hiBaer, 

1 
KaK - , a npOH3BC)J:CHHe [p1 (f~.:) (5j(tk) ]w OCTaCTCH paBHOMepHO orpaHH'leHHbiM 

u 
J(JIH scex u. 

0TCIO,n:a CJI8.ll.yeT, 'ITO 

paBHOMCpHO OTHOCHT.CJ!bl-10 fk. 
DoJiaran renepb I wm' I= a"', a> q > 1, noJiyllaeM .li.JIH mk CJie,n:yiOmyio 

ou.eHKy: 

-452 



Oo9TOMY 

< u+ --- .2) · [ 
O(lf "' 1 

' lna L_1 /'(fo)· · .f'(tk-t) 
(4) 

OoCJie.UHHM pH.U 6biCTpo cxo.UHTCH, TaK KaK f (t) pacTeT KaK e1• 113 HepaBeH­

CTBa ( 4) CJie;weT CXO,li.HMOCTb pH,ll.a (3), a CJie,li.OB3TCJ!biiO, II riiiiep60JIH­

qecKHi{ nm paccMaTpnsae~wH: rrosepxHoCTH FC B•. 
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