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3a;i::t;R'IH co CB060;i::t;HbIMH rpaHHIJ;3MH 

]lJUl HeJIHHeHHOl'O 3B0JIIOD;HOHHOrO ypaBHeHHH 

B npo6Jiel\laX MeTam 1ypr1111, Me;i::t;HD;HHbI, 3K0.'10l'HH 

P acCMOTp e Hbl 38l!8'lH co CB060l!HblMH rpaHHU8MH l!JHI HCKOMOli CK8Jlll j)H011 cjiy rumHH H rronepx-­
HOCTH ee ypoBHll. 11ccJJel!OBa Hbl BOllj)OCbl el!HHCTBe HHOCTH, MOHOTOHHOCTH, llJJ OCTp aHCTBel!HOft 

JIOKam138UHH 11 cym ecTBOBaHHll p e w e 1rniL n a n o63op pa3pa60T8Hl·lblX KO HCT]) YKTH B!lb!X MeTO}lOB 
p e1ueJ-11!5I KOHKpeTHbIX 38ll8'1 H MaTeMaTH'leCKOr O rrp o rH03Hj)OBaHHll B COOTBE'TCT1J y 1ourn x o6JJaCTHX 
ec-r eCTB0 3 11 3 IHI 51. 

Po3 fJl51HYTO 3alla 'li 3 B iJibHHM H rp a HHUllMH llJlll w yKa HOI CKaJJ51 j)HOI <jly imuii" Ta rronepxHi i"i 
pimrn . nocJJ i ]l)KeHi llHT3 HHll €!\HHOCTi, MOHOTOHHOCTi, llJJ OCTOJJOBOI JIOKaJii3aui"i Ta i c 1-1 yna m11r 
p03B 0 51 3 KiB. 3po6JieHO OfJlllll po3 p 0 6Jie HHX KOHCTpyKTHBHHX MeTOlli B p03B'H3KY KOHKpeTH!lX 33 · 
ll8'1 Ta MaTeMaTH'IHOfO rrporH03Yll3UH51 B B i lllTOB i llHH X o6JiaCT5JX llj)Hj)Oll03 H3BCTBa. 

H a4aJibHO-KpaeBa51 3a,ll.a l! a )lJIH onepaTopa liiJ/i)t - ~ C0CT0HT B HaX0:>!<)le HHI-1 

B 3 a,IT.aHHOH o6Jiacrn D p ern emrn u = u (x , t) ypaBHeHH51 ~u - lw 1 = - f, 
ynoBJ1 eTBopmou1.ero Ha'-IaJJhI-I0MY ycJJoBmo u = ,p B D tt 1<paeB0My ycJ10 B1110 

vu + a (u - cp) = 0 1-1 a rpatmue iJD o6JJaCTH D. PeweHtte p51)la Hacym1-1b1x 

npo6JJeM ecTeCTB03I-IaHH51, B 43CTI-!0CTH, MeT aJJJJyprH H, Me,ll.HUHHbl, 3KOJIOrI-IH, 

npHBO)lHT I{ Heo6 XO,ll.HMOCTH HCCJJe,ll.OBaHH 5l HOBoro Tttna 3B0JIIOUHOI-II-Ib l X :-ia ­

)].al.J co CB06onI-IbIMH rpaHHUaMH )lJl5J HeJJHH e ih1oro ypaBHeI-IH5J lit - kD. u = 

= - f (u) l I]. 3-ro ypaBHem1e p accMaTp1maeTCH B o6JJacrn Q (t), TOJibKO 4 aCTb 

S (t) rpaHHUbl i)Q (t) KOTOpoii 3 a,IT.aHa, TOr)la Ka i( OCTaJJhHaH l.J aCTb f (t) anp110-

p tt HeH3Becnia . EcJJH cpyHKUH51 /? (u) Te pnHT pa3 pb1B n epBoro po,ll.a B TOLIKe U = 

= u* , TO B03 Hl!KaeT HeH3BeCTHaH noBe p X HOCTb (D* (t) , p a3,IT.eJJ momaH o 6JJaCTb 

Ha )lBe nono6JJaCTH Ql (t) 1-l Q2 (t). O6e CBOCOL!HbJe noBepXHOCTH r (t): (D (x, t) = 

= O 11 <D* (t): <D * (x , t) = 0 LlOJl)l<I-lbl 6b!Tb onpe,ll.eJieHbl BMeCTe c p erneHHeM 

.nmjx\)epe HUHaJJbl·IOro ypaBH e HH 5J . LlJJH 3TOro npHBJJeKaJOTC5J )].OITOJIHHTeJlbHble 

rpaHHl.JHbie ycJIOBHH Ha 3THX noBe p xHOCTHX. 

I. TT o c T a H o B K a 3 a Jl a " 1-l. B o6meM cJ1y1.J ae Tpe6yeTcH onpe.neJJHTb 

U (X, f), <D* (f) H f (t) TaKHe, l.JTO 

~u-k (u)u, =-f(u) B Q(t)={u<c=const }, t>O, 

u (x, 0) = ,P (x) B Q (0), ( l) 

vu + a (u) (u - cp) = 0 Ha S (t) = i)Q (t) n iJD, t > 0, 

[U] = 0, u = u· ' I Vil , v<D*) = p<D; Ha <D* (t) = Q l (t) n Q2 (t), t > 0, 

u = C, yU = 0 Ha r (t) = i)Q (t) n D, t > 0. 

3necb Q (t) - o6JJaCTb, orpaHWl eH Ha H ::ia)laHHOH noBepXHOCTbIO s (t) H HeH 3Be­

CTHOH n oBepXHOCTblO r (t); /c (u) 11 a (u) - 3 anaHHb1e cpyH K UHH, Tepn mn11e 

pa3 pbIB n e p Boro p oJla B TOl.JKe u (/) = u * (t) = const; / (u) - 3 aLlaHHaH cj)yHK­

UH5!, ynosJJeTBo pmomaH ycJJOBHHM f (c) = 0, f' (c) = - oo H nonyc Ka1omaH 

pa3pbIB n epBoro poJla B T0l.JKe u = c; ,1) (x) 11 <p (x , t) < 0 - 3ana1-1Hb1e cpy1-1K­

UHH B Q (0) 11 Ha s (t); <D* (x, t) = 0 - BHyTp e HH5l5J CBo6omiaH n oBepxHOCTb , 

TI051BJIHI0!iicl5JC5J K aK noBepXHOCTb yp0BHH U (X, f) = u* ; r (t) HJIH (J) (t) -
noBe p xHOCTb u (x, t) - c = O; p = con s t - 3a)la HHaH KOHCTa HTa; 3 HaK [ ] 

0 3 Hal.JaeT CKal.J0K CTOHI.ll.ett no.n HHM cpyHKUHH npH n e p exo.ne 4 e pe3 yKa3aHHble 

noBepXHOCTH. 

no CMbl CJJ Y CO0TBeTCTBYIOI.lJ.HX cjm3 ttl.Jec1rnx 5J BJieHHH 3BOJIJOUl-l5J npOHCXO­

)].HT B orpa11111.Jemwii o6JJacTH Q (t) c D c R3, H3MeHHIOI.ll.e ttc51 BO BpeMeH H c 

KOHeLIHOh CKOp0CTblO . B1-1e Q (t) U (x, t) = C H no3TOMY np0ilOJJ)l{eHI-1oe n o He­

npepb!BHOCTH B D p e w e HHe u = u (x, t) HMeeT xapaKTep BOJIHbl, cppoHT KOTOpoH 

f (t) pac npoCTpaHHeTCH no nOCT0511-IHOMY HeB03Myl.l].eHHOMY cjxrny C KOHel!HOH 
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CKOpOCThlO. P'IMeeT MeCTO npocTpaHCTBeHJia51 JIOK3,IJH:l3UH51. Cyw.ecTBOB3HHe, 
B 0611Le~1 cJiyc1ae , o6o6uLeHHbIX peweHHi-i BOJIHOBoro nma IIaJJaraeT onpe,ll.eJJeH­
IIbil' o rpaHH'-lelllrn 11a xapaInep IlOBe.11.eHHH c!JYHIUUIH f (u) B6JIH3H U = C, 11 3 
I<0rop1.,1x y1<a.tKeM yc.~oBHH I 1, 2] 

f (c) = 0, < 00. (2) 

Ha1rn11en, KaK npaBHJIO, o6JJaCTb Q (t) npH t = 0 Bblp0>1{.!l.aeTC51 H OTna,l.laJOT 
llcl'lcl,' lhllble ycJIOl3IHI B 3a.11.aqe (I). 

2 . CT an 11 o II a p II a H 3 a .!I. a LI a co c Bo 6 o .!I. II o 11 r pa II H-
ll e ii. E cJlH n opmKla I01LaH p e1 11 e1111 1j1y 111<1.LHH (p (x, t) npII t---+ oo npeo6p a3y­
eTCH s <IJYHKU1110 <p (x ), TO 11 u (x, L) npeoopa3yeTCH Bu (x), a S (t), Q (t), Cl)* (t) 
11 r (t) np eo6pa3y10-rcH coorneTcrne11110 B S, Q, (D* 11 [ ' . l l;rn onpe,l.leJ1eHHH u 
H r IIOJiyqaeM CT3tLHOl!a p11y10 3alla'-Iy 

6- u =0 - f (u) B Q = {u < c}, 

vu + ex (u) (ll - (p) = 0 Ha S = c)Q n dD, 

u = C, vu = 0 Ha r = 8Q n D. 

(3) 

noBepX HOCTb (f)* npH 3TOM HaXO,l.lHTCH no p eweH HIO 3TOH 3a1(aLJH KaK MHO.tKeCT­
BO 11yJie11 {u - u* = O}. 

CTaUHOHa p11aH 3a.11.aqa co CB060.!1.11011 rpaHHll,eH (3) ,ll.onycKaer BapHaUHOH-
11yI0 cjJO PMYJJH pOBKY , 11 e conep.tKamyro B nocTaHoBKe cB060,11J1oii rpaI-111ubI r . 
l1ccJiellOBaHHJO TaKoro pona 3a.11.aq MeTo,l.laMH BapHaUIIOHl!bIX I-repaBeI-ICTB noc­
BmJ.LeIIa 06urnp1rnH JIHTepaTypa (cM., 11anpm,Iep, 13]). 

3. 3 a .!I. a q a 1l JI H Il O B e p X II O C T e ii y p O B If H - noBepxl-IOCTH 
(I)* (f) H r (t) 6yllyT CBH3l-!b!MH TOJl bKO Ilj)H MOI-IOTOI-IHOM H3Mel·IeJUIH 'ljJ (X) 13 
Q (0) H cp (x, t) Has (t) (KaK no X , TaK H not), eCJIH K TOMY .tKe ·1p (x) > cp (x , t) 
Ha S (t). Bbrnom-1e1rne 3TIJX ycJJOBHii npHBOLlHT K ynopH.!1.0Lie1-rnoMy paccJJoeHmo 
o6,l3CTH Q (t) noBepXHOCTHMH ypoBI-Ieii u (x, t) = const. TaKHe TIOBepx,i.ru:::r.u 
ypoB HH 6y.11.eM npe,!LCTaBJIHTb B BH)Le (4, 5] 

z = z (x, y, u, t), (4) 

rne X, y H 2 - .11.e1<apTOBbl KOOp.!1.HI-IaTbJ. <I>opMyJJbl .!1.HcpcpepeHUHpOBaHHH o6paT­
I-IblX qJyHKUHl1 

llx = - z)zu, Uy= - ZylZu , u, = llzu, Ut = - zifzu, 

(5) 

I 2/ 
Ul/11 = - z [Zyy -(z" z,Jul, 

u 

no3BOJimoT nepecjJOpMyJrnpoBaTb 3anaqy (I) AJJH u B 3a,1LaLiy co CBo6oAHbIMH 
rpaHHUaMH LlJIH 2 [6-9] 

Az - fl (u) 2 1 = f (u) z,, B Q., (t). t > 0, 
U::;#=-u te 

(6) 
z(x,y,u . 0)=Z0 (x,y.u B Qu(0\ 

.!E:__ + ex (u) (u - cp) = 0, u = !!:. (x, y, t), t > 0 , 
z., 

[2] = 0, U = u•. t ::::,.. 0 . 
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r,ne 

- 1- = 0, 11 = C, f>O , 
Zu 

Z = Z8 (x, y , t) , U = ~ (x, y , t) , t > 0, 

Az = L.\,z - ( I ; z l2 
) , L.\, 2 = v,v,z, 

Zu . u 

L.\,z = Zn +211!/• vz = {- Zx, - Zy, l}. 

(7) 

3necb Q (t) - 06.rJaCTb H3M e HeJ·IIUI IIe3aBHCHMblX nepeM e J·IJ-lblX X, y, u, orp a ­

HHlJeHJ-!a51 anpH0pH He JJ 3Becn1ott n oBepX!I0CTbl0 I\, (t), s a,naBaeMOH B HeCHM ­

MeTpHtJHOH cj:JopMe U = U (x, !/ , t) H TIJI0CK0CTbI0 U = c; z, (x, y, t) -cj1y 111rn1rn , 

sanmow,aH noBepXHOCTb s (t) : 2 - 28 (x , y, t) = O; 20 (x, y, u) onpe.ue.rrneTCH 

113 ypaBI-1e1-11151 [ l 0, 11] 
'P (x, y, 2 0)- u = 0 (8) 

CJJO)l{HQCTb HCCJ!e,U0Bil lIH51 11atJaJ1bHO-KpaeBot1 3a,ua <1H (6), (7) C0CT0 HT KaK 

B HeJ1m1ett1-1oc T11 o n epaTopa A, Kp aeBbl X ycJJOBHtt H ycJJOB HH conpH)l{eJ-11151 11 a 

DJI0CK0CTH U = u*, TaK H B He06XOllHMOCTH onpeneJJHTb CBOcom1y10 rp a m,uy 

r4 (t) : ll - u (x, y, t) = 0. EcJIH B 3cl}latJe (I) l·Ja llJJe)KHT onpe,ueJJHTb noBe px -

H0CTb (D* (t)- no .UO TIOJI HHTeJ!bH0MY yc.~OBHIO u (x, t) = u*' TO B 3a.UatJe (6) 
oHa o npe,ueJrneTcH no peme 1-1mo - CJ)* (t): z = z (x, y , u * , t) . B cJJytJa e )l{e , 

l{Oflla Ha S (t) 3a}laH0 ycJJ0BHe JlHpHXJ!e U = cp Ha S (t), CT3 H0B HTC51 H3BeCT I-IOH 

H rpa1rnua fu (f): U - /I (X, y, f) = U - cp (X, y, f) = 0. JlJJH 2 = 2 (X, y, 
u, t) npH 3T0M noJJytJaeM -;-leJJHHeHHYIO 3 3,llatJ y Ha con pm1<e 1rne B H3BeCTJ-IOI°l 06-

JiaCTH Qu (t) : {x, y E .0u, cp (x, y, t) ~ u ~ c}. 
OTMeTHM, lJTO B tjrn 3 HtJec1rnx npHJJ0)l{e HHHX nepexo.u K DOCT3HOBK3M 3 3,llalJ 

c o CB06om1bJMH rpaHHUaMH ,UJl51 noBepXHOCTeH ypomrn ,!.lHKTyeTC51 cyw,eCT­

BOM neJJa. 

4. M o II o To H H o c T b o n e p a T o p a A 11 T e o p e M a e .11. 11 H-

e T B e H H O CT H. I1HTerp11poBaHHeM no lJ3CT5JM JJerKo ycTaHaBJIHBaeTCH aHa­

J!Of n epso?', cj:JopMyJibJ fpmrn .UJJH 1-1eJIHHettHoro oneparnpa 

S s dxdy s v-Azdu = .\~ duf v•(v,z, ;) dl - s s dxdy s [<v,v, v,z) -
fi! !± /J iiQu ff» u 

- lvzl2 Vuldu- ss V 1vz121cdxdy, 
211 !!iJ Zu y 

(9) 

r.11.e $ - cetJeH He o6JJaCTH Q,, (t) TIJI0CKOCTblO ll = C, a fl)u - npOH3B0JlbHOH 

DJJOCK0CTblO; .25,, C fl); b = min!!. (x, If, t): -; _ opT BHellJHeH HOpMaJJH K 3aMK-
X , 1, 

HYTOMY KOHTYPY oQu, orpmlWIHBaI0lUeMy fl)u; v(x,y,u,t)'H z(x,y,u,t) ­
npoH3BOJ!bHble, 11B3)1{}!bl 11errpepb1BH0 11mpcpepe1-m11pyeMbJe cj:JyHKUHH; 

-
y',2 = {- Zx, - 2y}-

noJl3f351 B (9) v = 21 - 2 2 H z = Zi, a 3aTeM z = 2 2 , noJJytJaeM .UBa paaeH ­

CTBa, 113 KOTOpblX ITOCJJe Bbll.JHTaHHH BTOporo H3 nepaoro CJJe,llyeT COOTHOIIJem,e 

< C - ➔ s s dxdy \ (A21 - A22) (2 1 - 22) du= 5 du ~ (V, (2 1 - 22), n) (21 - 22) dl -
fi) ~ h ~ 

- H dxdy f [1 Vt (21 - 22) 12 - ( I V/112 _ I v;2 12 \)(Z1u - Z2u)]du-
@ ~ lu 2u 

(10) 
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TTpeo6pa3yeM rIO,Ubll-ITerpaJi bHOe Bb!paw;eHHe BTOporo HHTerpaJia npaBOll 

-.acTH (10): 

( 11 ) 

B pe3y.TibTaTe OKOHqaTeJlbHO IlOJiyqaeM 

C C O (2 2 
) S dxdy S (A21 - A2 2 )(21 - 22) du= ~ du f (2 1 - 22 ) 10~ 2) dl = 
9' " h a!filu 

(12) 

TTycTb 21 = 21 (x, y , ll, t) H 22 = 22 (x, y, u, t) - !!Ba pa3JIHqHblX peweHHH 

aa,n.atJH (6). l(JIH T3KHX peweHHI1 Bbll10Jil·l5ll0TC51 paBeHCTBa 

a a 
~ (2 1 - 2,) = - a (u) (u - cp) ~ (2 1 - 2,), u = u, (1 3) uu - uu -

BhITeKaIOlll.He H3 KpaeBblX ycJIOBHH 33,UatJH (6). C HX yqeTOM cpopMyJ13 (12) y rr­

pomaeTCH K BH.UY 

C C 

S S dxdy S (A21 -A22)(21 - 22) du = - Sa (u) (u - cp) du x 

9' ~ b 

- 2 (v21, V22) 1 du. (14) 

BocrrOJib30B3BW HCb paseHCTBOM 

(u - cp) :u (2 1 - 22 , 2 = [(21 - 22)2 (u - cp)Ju -(21 - 22 ) 2 , (15) 

tta 11,n.eM 

(u - cp)(21 - 22) (21 - 22)u = ; {[(u - cp)(21 - 22f lu - (21 - 22 ) 2}. (16) 

B cJiyqae KyCO'lHO-IlOCTOHH HOrr 33BHCHMOCTH CX (u) = al + (a2 - a1) 'Y] (u -
- u*) , r ,ue 'Y] (u) - cj)yHKUHH XeBHCaiina, IlOCJie HHTerpnpoBaHHH no u C y q e­

TOM KpaeBbIX ycJIOBHH cj:>opMyJia f pHHa (14) OKQHq aTeJi bHO rrpeo6pa3yeTCH K 

BH.llY 

C 1 C 

S S dxdy S (A21 - A22 ) (21 - 22 ) du= - 2 Sa (u) du f (z 1 - 22 ) 2 dl -
@ ~ b ~ 
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TaK KaK 21 H 22 - MOHOTOHHbie cpyHKUHH no nepeMeHHOH u, TO 2iu122u > 0, 
Z2u l zlU > 0. ;:ho HO3BOJIHeT, BOCnOJlb3OB3BlllHCb HepaBeHCTBOM lOHra 2xy ~ 
~a2x2 + a-2y2, noJ1yq11Tb o u eHKy 

(18) 

B CHJIY 3TOro HepaBeHCTBa npaBaH qaCTb (17) HenoJJO)KHTeJihHa, qTo H ycTaHaB­

JH!BaeT MOHOTOHHOCTb onepaTopa A Ha p ellle HHHX 3a,naq11 (6). MoHOTOHHOCTb 

o ncpaTopa A no3BOJIHeT llOK333Tb TeopeMy e,UHHCTBeHI-IOCTH p ellleHH51 3TOH 3a­

na0rn. H eTpyllHO BH.lleTh, 'ITO YCJIOBH5l conpmKeHH5l B (6) MO)KHQ Bl<JIIO'-IHTb 

C HOMOI.11.b!O lleJibTa-cpyHKUHH 1lttpa1<a {j (u - u*) B .nmpcpepeHUH3JlbHOe 

y paBHe1rne 

Az = k (u) Zt + f (u) Zu + pz16 (u - u*) B Qu (t). (19) 

11CKJIIO'-laH Az1 H Az2, C noMOI.11.blO (19) npeo6pa3 yeM npaBylO '-13CTb (17) K BH.llY 

C C 

5 5 dxdy 5 (Az 1 - Az 2 ) ( 2 1 - 2 2 ) du - S .\ dxdy S {[k (u) + pf, (u - u*)] x 
Pl! ~ Pl! ~ 

X (z1 - 2 2 ) + f (u) (21 - 2 2)u}(z1 - 22 )du =-½-55 {P (z1 - 22 )~1u• + 
§ii 

C 

+ 5 [k(u) (21 - 22)~- t' (u) (21 - 2 2)2] du} dxdy. 

!: 

(20) 

E cJIH f (u) - MOHOTOHHO y6bIB3IOIJ.{aH cpymnurn (f' (u) < 0), TO H3 (20) CJie.ny­

e T, 'ITO JJeBaH l/3CTb (17) HeOTpttuaTeJJ b Ha. lleHCTBHTeJlbHO, TaK KaK nptt t = 0 
B CHJIY H3'-13JlbHbIX ycJIOBHH 33.llal/H (6) (21 - 22) 2 = 0 H BeJIHl/HHa (21 - 22) 2 > 
> 0 npH t > 0, TO (21 - 22)~ > 0. npaBa5l 43CTb (17) B CliJIY MOHOTOHHOCTH 

onep aTopa A HenoJIO)KHTeJibHa. BbIX0.11 113 3TOfO npOTHBope'-11151 BO3MO)KeH TOJ!b· 

KO B cJJyqae, Kor;i,a o6e OHH paBHbl HYJIIO, LJTO BO3MO)Kl·IO J!Hlllb npH paBeHCTBe 

21 = 22, x , y, u E Qu (t), t > 0. :ho H noKa3bIBaeT Teop eMy enm-1cTBeHHOCTH 

pelllemrn 3a1ta'l11 (6) . 
5. Mo Ho To H Hoc Th p e ill e H H H (oJlHH npocToH npHMep). Pac-

CMoTpHM npocTeHlllYIO 3a}la'ly, HBJl5110llI,YIOC51 '-13CTHbIM cJiyqaeM 3a}laqtt (6) 

z,+(+)+t(u)2u=O, 0<u<l, t>0, 
u fl 

z(u . 0) =20 (u), 0<u<l, 

z(0,t)=0, z,,( l.t) = oo , t>0. 

(21) 

nycTb k > I - He4eTHOe l/HCJIO. YMI-IO)KHM (21) Ha ( 1/z~)u . HecJIO)KHblH no}l­

C4eT npHBOllHT K TO}!{,UeCTBy 

(:; t+ k 
1 1 (2!~1}+(k~kl)2 ( ~-~ • ):+ k!:_I (2~~1 - z;~,)= 0-

Zu 

I 

CT pennoJio)KHM, 'ITO f (0) = 0 11 BBe.neM o6o3Ha01eH11e .\ a (u) du = (a). 
0 

TerpttpyeM (22) OT 0 }10 1. Y 0IHTbl835l (2 1 ), noJJyl/aeM 

I I 4h ( I )2 h f u 
k- 1 <zk~I )t + k- 1 · < z( k-t- l )/Z ) = k- 1 ( zk-1 ). 

u u u u 
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I 

06rotta11aH II a IILpto. I) = (aP) P = II a II, 0Tc10,ua rroJiytJaeM HepaBeHCTBO 

II L II~ k; l fu II+. II , (f u = f u (u), U E (0, 1)), (24) 

cepmo oueHoK 

(25) 

H BKJIIOtJeHHe 

-k+-,-E Loo (0, t; L2 (0, l))n L2 (0, t; wJ (0, 1)). (26) 
- 2 

Zu 

- ll + l~ 
n ocKOJibKY 1-13 ycJIOBHH f u < 00 CJie,uyeT --k- f u < 00, TO, rrepexo.UH K rrpe-

.ueJiy rr ptt k -+- oo, rroJiytJaeM 

_l_ EC ((0, t) x (0, 1 )). (27) 
Zu 

EcJIH B HatJaJibHb!H MOMeHT z = Zo (u) MOHOTOHI!a5J cpyHI<UHH TaKaH, tJTO Zu > 
> a > 0, TO TaKOH )Ke OHa OCTaHeTC5J tt rrpH t > 0 B cJiytJae a = a (t). TaKI IM 

o6pa3oM, perneHHe 3a,ua1rn (21) np1-1 

Zou> a> 0, f u < oo, f (0) = 0 (28) 

MOHOTOHHO H, CJie,UoBaTeJibHO, e,UHHCTBeHHO. 

CJie.I.I.yeT 3aMeTHTb, tJTO BKJIIO'leHHe (26) MO)l{HO IIOJiy<IHTb npH 6oJiee C'Jla-

6b!X npe,urroJJO)KeHH51X OTHOCHTeJlbllO 0,JYHKU11H t, eCJIH nocJie,UHee CJiaraeMoe 

(22) rrpe.11.crnBHTb B BH,Ue 

/I 1 ( ,)-, ). ~ ,,2f i( 
2

~ ). ,~, (29) 

z7 
H BOCIIOJib30BaTbCH ttepaBeHCTBOM feJib.LJ.epa. 

6. CT p O C T p a H C T B e H H a 51 JI O K a JI H 3 a U H 51 (,uocTaTOtJHbie 

ycJIOBHH). YMHO)l{HB (21) Ha zk, IIOJIYtJHM TO)l{,UeCTBO 

2~+1 + (__!__) - kzk-1 + (--t- zk+I) - ~ zk+I = 0. (30) 
k + 1 Zu u k + 1 u k + 1 

CTpoHHTerp1-1pyeM ero OT 0 .11.0 u ~ 1, o603HatJHB a (u) tJepe3 a. l1crroJib3YH 

ycJIOBHH (21), rroJiyqaeM 

k+I - k --k+I -

~ + -2- - k (zk- 1) + E.__ - ___b_ (z"+1)=0 (3 1) k+l z k+l k+l ' 
u. 

OTK)'.LJ.a CJie,uyeT HepaBeHCTBO 

(32) 

H COOTBeTCTBYIOIUaH oueHKa 

2fut 

k+l k2 +k llzi12 ~llzoll 2e ---- (33) 

fv 
2ho 3HatJHT, tJTO II z II< oo rrpH t > 0, H, cJie,uoBaTeJibHO, 

zk ti"+' 
-=- + k + I < oo. 
Zu 

(34) 

ISSN 0041-6053. JIKp. MaT. ~!/PH., 1992, T. 44, Ni J 



EcJinf>O,TOOTc1onacJienyeT,t1TOZ<=npHBCexu<l, a np» f(l)>O z 
6y,rr_eT orpaHttt!eHa H npH U= I, T. e. JIOK3.'lbHO no t 6yi 1.eT HM eTb MeCTO n po­

CTpaHCTBeJIIl351 JIOK3Jl l1 3 a1:1rn . 4T06bl JJOK3JIH33UH51 6bI Jia pa B HOMe p1-1ofi 110 t, 
Heo6XO,ll_IIMO, lJT06b! B (33) fu 6bIJIO OT])HUaTeJII,HblM. '.:ho YCJIOBHe H a t llOCTH· 

raeTCH npH llOCT3TOlJHO 60JlbWHX k, ecm-1 f,, < 0 B OKp eCTHOCTH u = I, noc­

KOJibKY 2 - MOHOTOHHO B03 pacTaIOUJ:3fl no U cpym<UHfl II U MO,IUIO BbI6paTb­

llOCTclT01IHO 6JIH3KHM K I. T aKHM o6pa30M, npH Bb!TIOJJHeHim yc.'JOBHfr 

20 ,, > a > O, f>0, f,, < =, fu<0, (u > ui), /( 1) >0, f(0) = 0 
(35) 

p e w e rme 3 3,ll_3lJH (21) MOHOTOHHO, ellHHCTBeHHO 11 npocTpaHCTBC' IIHO JJOK3JIH -

30B3HO . 

7. Cy Ill, e CT BOB a H H e p e ill e H H 51. 06oc110BaHHe oueHOK 6y,rr_eM 

npoBOllHTb T])3 ,7J,HUHOHHO- MeTonm1 KOH('llJib! X pa3 HOCTe tt no t. TTo 3 31{3HHOMY 

z = z., (u) Ha CJJOe !_ = 0 nOCT])OHl\l p eweHHe Ha CJJOe t - !. = t,,.t KaK perne 1me 

«rrp116JIH)Ke 1-rnoi1» 3an:atrn 

z ' l ) 2 Tt + (-2- + f (u) Zu = !),,t , 
u u 

P acCMOT])HM scnoMoraTeJil, I-JYIO 33.'lalJy 

I1p» s = z rroJJytJaeM cTau1-10HapHoe peme1-rne 

( - 1-) + f (u) z., = 0, 
z., u 

f = - qq,, * q = - Jf 2 Sf (u) du, 

EcJIH npellTIOJIO)KHTb, lJTO 

u 

z = 1 ⇒ z 5 du 
U q C = q (U) 

0 

q(l) = 0, 

u 

(36) 

(37), 

(38), 

(39) 

TO Zc (u) - MOHOTOI-11-Iafl, orpaHHlJeHHafl cpyHKUHH, T. e . pewe1me CT3UHOHa pHoi:i 

3311341-1 rrpocTpaI-ICTBeI·IHO JIOK 3 JIH30B3HO. I1ycTb 

(40) 

To r.r1.a 11JI5l y = 1/zu rroJiy<1aeM sa,1:iatJy Kow» 

/(u) s-: Yu+y =- M y(l)=O, (41 ) 

OTK y n:a c.nen.ye -r, lJTO yseJmtJeHHe (JioKaJibHO no u) s o6ycnoBJJHBaeT yseJiw1e ­

~rn e lj . nocr<OJlbKY f (u) > 0, H, CJiellOBaTeJibHO, yMeHbllleI-me 2 . TaKHM o6pa -

3 0:11, oe U~HHe (37) He rrp eBbI\UaeT Zc (u) npH s > 2 H HeTIOllBH)KH351 TOlJKa co-

OTBeTCTBl-15! ~ - 2 flBJJfleTCH peweHHeM 33ll3lJJ,I (36) 2 ~ 2 ~ Zc , l103BOJl5110WHM 

Bbl l!HCJI HTb z H a l10CJien:y1oll1eM CJioe, H T. 11- I1pn6JIH)KeHHOe perue1-me 6y,u.e-r 

rJI 3ll.KHM H yt > 0 YllOBJieTBOpHeT HepaBeHCTBY 

(42) 
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13KHM o6pa30 M, Mb! ITOJIYtIHJUI CJie,!I.yIOlll.HH pe3yJibTaT: eCJI H Bbll10JIHeHbl yc­

.l!0BIUI 

I 

q EC1 (0, l), qu< O, q(l)=O, j q~~) < oo , 

0 
(43) 

I l - > - , Z0 (0) = --- = 0, f = - qqu, 
Zou q Zou (l) 

1'0 33,!I.atia (21) HMeeT e)lHHCTBeI-11-l0e M0I-I0T0HH0e pewem-ie, YJl0BJleTBopmomee 

ttepaBeHCTBaM 

I 

S du 
z0 (u ) ~z (u,t) ~zc (u)= q(u) · (44) 

u 

I1ccJie)loBa HHIO KOHKpeTHb!X 33,!I.34 c o CB060llI-lblMH rpaHHll3 MH ,[lJH! HeJrn ­

'IICl1HblX 3BOJIIOUHOJ-1Hb!X ypaB1-1e 1rn11, B03HHKaI01UHX np11 pewe1-1 1111 8KTY3Jlbllb!X 

npo6JieM MeTaJJ.11yprn11, 0l!O.rnrHH H 3K0JI0fHH, ll0CB511UeHbl pa60Tbl l1 2-29], 
B I{OTOpblX p accM0Tp eHbl MaTeM3TH4ec 1rne M0)leJJH TeTIJJ0Bbl X H nmptj)y3HOHI-lblX 

ll poueccoB 3JieKTpOI-IH0-.,1ylJeBO l1 IT.TJaBKH MeTaJJJJOB , Kp HO,IleCTp y 1rnHH 6H0JJO­

r HqecKHX TKa1-1eii H nepe p acnpe,!I.eJJemrn 1rn1-1ueHTpaum1 KHc.n opona H ceposono­

pona no rny6111-1 e 4 epHoro M0pH. D.syMepHb!e CT3UHOHap Hbre 33.l:W 'IH co CB0-

0O)lHOH rpaHHUeH CBe)leHbl K p ewen mo 1-1em-11-1 ei":HblX HHTerpaJJbHb!X ypam-I eHHH 

MHH HM3JlbHOH pa3MepH0CTH. l1x pewem-1e ocymecTBJJeHO MeTO)lOM KOHe4HblX 

:1J1eMe11ToB c ucno.'!b30BaHHeM Ma.r1h1x 3BM. llJJn p erneHHH o,zu-10M ep1-1b1x necTa­

UHor-iapHblX 33)l3lJ co CB060.lll-lblMH rpal·lHU3MH npHMe H e Hbl cneUH3a1 bHbl e BapH­

-8UH0HHhJe MeT0)lhl, MeTO)l PoTe C IT0CJJe)ly1onlHM nepeXOll0M K I !eJJ HHeHHblM l'!H­
TerpaJibHblM ypaBHeHHHM BoJibTe ppa , He51B1-lble pa3 H0CTHble cxeMbl. 

B npo6JieMaX c neJ.I,3JJ eKTpOMeTaJIJiyp rHH, CB5!33HHblX C pactJeTaMM TeITJIO­

BbIX no.'!eH B aBT0TlffJie llpH BaKyy1111-1oi't 3.TJeI<Tpo1rno-Jiy 'l eBOH r apI·IHC3)1<HOH 

nJiaBKe MeTaJ!JIOB H CI1.'13B0B , T04Hb!e, npH6JIH)KeHHble 31-1 3JIHTH4eCIUi e H l!HC­

.1ermo- a 1-1aJIHTH4eCr<He pemeHH 51 O)lHO- H llByMepI-Ibl X 33,[l8l! TI03BOJIHJIM ycnrno­

BllT b npaKTH4 eCKH B3)K Hble )1JI51 nporH03 Hp0B8HH51 npoCTb!e (j)yHKUHOHcrn l,llble 

33 BHCHM0CTH, 0ITHC 3 T b llH H8 MHKY n pou ec ca !lJiaBJie mrn 14, 6-10, 23, 241. 
BecbMa aKTyaJibHOH )1JI51 cos p eMem-1011 Men11uHHb1 HBJ1r1eTO1 npo6JJeMa pac­

•qeTa H nporH03a B03)1€HCTBH51 HH3 KHX TeMne p aTyp Ha )h ! IBYI0 0HOJIOrI1 4eCKYIO 

TKaHb . 8 43CTHOCTH, l]Jl 51 x11pypr1rn Heo6X01!HMO npo r H03Hf)0B3 I-JHe pe3 y Ji bTa­

T0B 3a111o p a)KHBa HH H H ll€CTpyKUHH. 8 OTJIHLl!1e OT c n eU3JieKTpo111eTaJIJiypnrn 

3)leCb B0 3 HHK310T 3 8,[l3lJH C HCT0lJHHK8MH , cymecTBeHH0 3 8BHC5lli_lJlMII OT TeM n e­

p aTypb!. 3To rrplIBO)lHT K T3Kl-lM !{84eCTBeHI➔0 J-IOBblM p e3y .'lbTclT8M, 1(81{ CTa6H­

JIH3 3UH51 pemeHHI! I< npe)leJJ bl-l0MY CT 8 UHOHap 1-10My COCT051HHI0 H p eaJibHO 1-1a6-

JIIOl]aeMa5l npoc-r paHCTBeHI-1351 JIOK8JIH33UH51 - TellJJ0B0e B03My!lleHI1e 

noKaJJbHO . 

TTo.TJy ll e HHhie pewe mrn 0llHOMepHblX HeCTaUI-I0HapHbI X 381!alJ TI03BOJJ 5l!OT 

llf)OC4HT3Tb [)51)1 T HHH 4 Hbl X CJiyqaeB 3aMop a)I01B3Hll51 0HOTKalletr , C LIOCTclTOlJHOH 

T04HOCT blO onpe,lle.1 HTb 1-13CTHbi e 11 O0 il!He 3 aJ(0H0MepH0CTH npouecca, COCTaBHTb 

ceprrn 1-lOM0rpaMM, 11eo6XOlUIMh!X llJl5! HCIT0JJh3 0B8HH51 B npaKTH4eCKOH M e)lHUH­

He, 1-1aMeT HT b )laJibHeiiurne 1-1 a npanJre H1I H 1:cc.1e)loBa HH'H l 12, 13, 15, 17, 21, 
25-281. 

TTpo6JieMa pa3 p a60TKH MeT0)lOB H c p e)lCTB npe.U0TBpmuemrn B03M O}KH0ll 

HeraTHBHOH rrepecTpOHKH 3KOJ!OfH'I.J€CKOH CHCTeMhl l.Jep11oro M0pH, K8!{ H Jlpy­

rHX BHYT PHM8Tep11K0Bb]X B0)lOE'M0B 11 0 TJk'.'l h l :b lX pai\ol!Oil MHJJOBOfO 0I<eaHa , 

C0)l€p)K81UH X paCTBopeHI-Ib!H B B0)le cepoB0Ll0P0ll, ('l3$ i'.i ,Jlli'I C OllC l !KOll 11 npor-

1!030M npocTp aHCTBeHHO -Bp eMeH HOH H3MeH'IHB0CTll pac TBope ll Hb!X l(OHUe HTpa­

UHII KHCJiopo)la 11 cep0BO)l0po)la , o6ycJIOBJieHHbl X H3M e HeJHJeM npupo,!I.Hb! X H 
aHTponoreHHbl X cpaKTOpOB . TTpocTeHmHe n mpcpy3 HOHHbi e , XHMHl! E'CKHe H 61-10-

010fH4eCKHe npe)lcTaBJieHH51 0 )lHH3MHKe npouecca rrpHBO)l5lT 3)leCb K 3 3)lalJaM 

nma CTecj)al-13 JJ.JIJI CHCT€Mbl HeJIHHeHHb!X .3BOJJI0UH0H HblX ypaBJl eHHll )1Hcj:cj)y 3 HH 

C peaKUHeii. 
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P e3yJibTaTbl paclleTOB KOHKpeTHblX BapHaHTOB }la.)l{e rrpH HeITOJII-lblX BXO}l­

Hb!X }lal-!Hb!X xopowo cor,1acy10TC51 C 3KCrrepHMeHTaJi bI-IO H3MepeHHblMH p acrrpe­

.lleJieHH51MH KOI-1Ue1npaUHH no r Jiy6tt1-1e. AHaJII13 rro.1ytieHHbIX pewem111 ITOKa-

3bIBaeT , l!To ocHOBHy10 poJib B rrpouecce rrepep acrrpe,n:eJiemrn ttrpaeT K03Cp<pH­
u u eHT Typ6yJieHTHOH ,n:mjxj)y3 HH (5-7, 14, 18, 20, 22, 291. 

Y Ka3al-!Hb!e rrpHJIO)KeH!rn ITO)llJepKHBaJOT a1<TyaJibI-IOCTb HCCJie)l.oBaHH.ll 

3a)l.al! co CB060)l.I-lb!MH rpaHHUaMH (1) H (6) . 
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