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FATOU AND JULIA LIKE SETS
MHOKHHMH, TIOAIBHI 1O MHOKUH ®ATY TA KVYJIIA

For a family of holomorphic functions on an arbitrary domain, we introduce Fatou and Julia like sets, and establish some
of their interesting properties.

i cim’i ronomMopdHUX (GYHKIIA Ha TOBUIBHHUX OONACTAX BH3HAYEHO MHOXHHH, L0 € MOAIOHMMHU 10 MHOXHH Daty Ta
JKymia, 1 BcTaHOBJIGHO JesIKi LiKaBi BIACTUBOCTI IIUX MHOXHUH.

1. Introduction and main results. Throughout, we shall denote by (D) the class of all holomor-
phic functions on a domain D C C. A subfamily F of (D) is said to be normal if every sequence
in F contains a subsequence that converges locally uniformly on D. F is said to be normal at a
point 25 € D if it is normal in some neighborhood of 2y in D (see [12, 15]).

Let f be an entire function and let f™ := fo fo...of, n > 1, be the nth iterate of f. The

n—times

Fatou set of f, denoted by F'(f), is defined as
F(f)={z¢€C: {f"} is a normal family in some neighborhood of z}

and the complement C \ F(f) of F(f) is called the Julia set of f and is denoted by J(f). F(f)
is an open subset of C and J(f) is a closed subset of C, and both are completely invariant sets
under f. The study of Fatou and Julia sets of holomorphic functions is a subject matter of Complex
Dynamics for which one can refer to [2, 4, 14].

For a given domain D and a subfamily F of # (D), we denote by F(F), a subset of D on
which F is normal and J(F) := D \ F(F). If F happens to be a family of iterates of an entire
function f, then F'(F) and J(F) reduce to the Fatou set of f and the Julia set of f, respectively,
therefore, it is reasonable to call F'(F) and J(F) as Fatou and Julia like sets. Note that Julia set
of an entire function is always nonempty (see [2]) whereas Julia like set J(F) can be empty. For
example, consider the family

F:={f(az+b):a,beC,a# 0},

where f is a normal function on C (see [12, p. 179]). Then since f is a normal function on C, F is
a normal family on C, that is, F'(F) = C and, hence, J(F) = ¢.

Also, it is interesting to note that Julia set of any meromorphic function is an uncountable set
(see [2]) but Julia like set is not so, for example, J(F) = {0}, where F := {nz:n € N} C H (D),
where DD is the open unit disk.

If 7 and G are two subfamilies of #(D), then J(FNG) C J(F)NJ(G), however J(FNG) =
= J(F) N J(G) may not hold in general. For example, let

F={nz:neN}U{n(z—1): neN}
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and
G={n(z—1):neN}u{e"”:neN}

be the families of entire functions. Then J(F NG) = {1} and J(F) N J(G) = {0, 1}.

This paper is devoted to the problem of normality of families of mappings that have been actively
studied recently (see [5, 8 — 11]). In particular, we give some interesting properties of Fatou and Julia
like sets.

Theorem 1.1. (a) If Fy and F» are two subfamilies of H(D), then J(F; U F3) = J(F1) U
uJ (.FQ)

(b) If zo € J(F) and N is any neighborhood of zy, then C\ U contains at most one point,
where U = Ufe]__f(N).

Example1.1. For a € C, consider one-parameter family of entire functions F,, := {n(z — a):
n € N}. Then F, is not normal at z = «, that is, F, is not normal in any open set containing
z = «. Consider the family of entire functions 7 = Ujq|<1Fa- Then we show that J(F) = {z:
|z| < 1} and, hence, Int(J(F)) # ¢ and J (F) # C. The inclusion {z: |z| < 1} C J(F) holds
trivially. To show the other way inclusion, let zy € C such that |z9| > 1 and let {f,,} be a sequence
in F. Then we have two cases:

Case 1: When { f,,} has a subsequence {f,, } which is locally bounded at z.

In this case by Montel’s theorem {f,, } further has a subsequence which converges uniformly
in some neighborhood of zy. Thus, {f,} has a subsequence which converges uniformly in some
neighborhood of z, that is, zy € F(F).

Case 11: When {f,,} has no subsequence which is locally bounded at z.

Since f,(z) = my(z — o), where m,, € N and |ay,| < 1 for each n € N, it follows that {m,, }
has an increasing subsequence {m,, } which converges to co. Let N C {z:|z| > 1} be a small
neighborhood of 2y . Then {f,,} converges uniformly to co in N. Thus {f,} has a subsequence
which converges uniformly in some neighborhood of zg, that is, zp € F (F).

Thus in both the cases we find that J(F) C {z: |z| < 1}. Hence, J(F) = {z: |z| < 1}.

Note that for a family of iterates of an entire function f, J(f) = C or J(f) has empty inte-
rior [2] (Lemma 3).

A set A C D is said to be forward invariant (backward invariant) under the family F if, for
cach f € F, f(A) C A(f1(A) C 4).

If Fy is a semigroup of entire functions, then F'(Fy) is forward invariant and J(Fp) is back-
ward invariant under the family Fy (see [7]), whereas for an arbitrary subfamily G of H (D),
F(G) and J(G) may not be forward invariant or backward invariant. For example, J (G) is not
forward invariant as well as backward invariant for G = {nz:n € N} U {z": n € N}. Forward
invariance of J(F) and F(F) for the family F, implies the following theorem.

Theorem 1.2. Let F be a subfamily of H(D). Then the following statements hold:

(a) If J(F) is forward invariant, then J(F) = D or Int(J(F)) = ¢. In particular, if C\ D
contains at least two points, then Int(J(F)) = ¢.

(b) If J(F) contains at least two points and F(F) is forward invariant, then J(F) is a perfect
set.
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Example1.2. Let F1 = {nz:n e N}, Fo ={z":n € N}. Then J(FiUF2) ={z: |z| =1} U
U {0}. Clearly, J (F1 U Fa) is not perfect and F' (F; U F2) is not forward invariant.

Example 1.2 shows that the condition, “F'(F) is forward invariant” in Theorem 1.2 can not be
dropped.

Recall that a point 2y € D is said to be a periodic point of an entire function f, of order k, if
fk(zo) = 2. In the dynamics of transcendental entire functions, it is well-known that Julia set is the
closure of the repelling periodic points (see [13]). This can be extended for Julia like set too. In this
context, we need some basic notations from the Nevanlinna value distribution theory of meromorphic
functions (see [6]).

Let f be a meromorphic function on C. The proximity function m(r,a, f) of f and the counting
function N(r,a, f) of a-points of f(a # oo) are given by

2w
1 + L
m(r,a, f) = o /log i) a,d(b.
0
For a = oo, we write
27
1 .
mir, )= o [ log" |f(re)ldo,
0
N(r,a, f):= / n(t,1/f —a) 1/tf — a)dt
0

and

r

N(r, f) ::/n(tt, f)dt,
0

where n(t,1/f—a) is the number of a-points of f in |z| < ¢ and, in particular, n(t, f) is the number
of poles of f in |z| < t. The characteristic function of f, denoted by T'(r, f), is given by

T(r, f)=m(r, f) + N(r, f)

and it behaves like log™ M (r, f), whenever f happens to be an entire function, where M (r, f) =
= max|,—, | f(2)|. Further, we define

5(a7f) =1- lliggpw

and is called the Nevanlinna deficiency of f at a, and the truncated defect is given by

Oa,f) =1 —hﬂgpw,

where N(r,a, f) is the counting function of f corresponding to the distinct a-points of f, that is,
by ignoring the multiplicities of a-points of f.
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Theorem 1.3. Let F be a family of transcendental entire functions and J(F) contains at least

1
three points. Then for any wy € J(F) and f € F with O(wy, ) < 5 there exist a sequence
{wn} such that w, — wo and a sequence {f,} C F such that w, is a repelling fixed point of

Jofn

The polynomial analogue of Theorem 1.3 also holds as follows theorem.

Theorem 1.4. [f F is a family of nonconstant polynomials in which for each wy € J(F), there
is Py € F such that Py — wy has at least three distinct simple roots. Then J(JF) is contained in the
closure of repelling fixed points of the polynomials of the form P o ), where P, Q) € F.

Definition 1.1. For a subfamily F of H(D) and z € C, define

O%(z) :=={we D: f(w) =z for some feF}= U 4=

feFr

and
E(F) :={z € C: Ox(2) is finite}.

For a family F of nonconstant entire functions and zy € C, O7(z) is finite implies that f~'{zo}
is finite for each f € F. In this case N(r,zp, f) = O(1) and, hence, §(zp, f) = 1 forall f € F.
While (29, f) = 1forall f € F may not always imply that O~(zo) is finite as shown by the
following example.

Example1.3. Let F = {(z —n)e*: n € N}. Then F is a family of transcendental entire func-
tions and O%(0) = {n:n € N} is infinite and N(r,0, f) = O(log(r)) as r — oo and, hence,
5(0,f) =1forall f e F.

By an extension of Montel’s theorem [3, p. 203], it follows that if O~(z9) is omitted by F on
some deleted neighborhood of some w € J(F), then O%(z) contains at most one point and, hence,
z0 € E (]: )

Let F be a uniformly bounded family of holomorphic functions on a domain D. Then by
Montel’s theorem J(F) = ¢. Note that F(F) is an infinite set. Indeed, there exists M > 0 such
that |f(z)| < M forall f € F and so {w: |w| > M} C E(F) showing that E(F) is uncountable.
Let F = {f € H(D): f omits two distinct fixed values @ and b on D}. Then by Montel’s theorem,
J(F) = ¢ and E(F) = {a,b}. The size of E(F) has a definite relation with J(F). In fact, we have
the following result.

Theorem 1.5. Let F be a subfamily of H(D).

@) If E(F) # ¢, then, for z ¢ E(F), J(F) C Ox(z).

(b) If J(F) £ 6, then #E(F) < 1.

Following example shows that F(F) may contain exactly one point.

Example1.4. Let F = {nz: n € N} be the family of entire functions. Then OF'(0) = {0}, it
follows that 0 € E(F). Note that J(F) = {0} and, by Theorem 1.5, E(F) = {0}.

For a family F of entire functions with F/(F) # ¢, the set

Foo(F) :={z € F(F): thereis a sequence {f,} C F such that f,(z) — oo}

is an open as well as closed subset of F'(F). Indeed, let zp € F(F). Then there is a sequence
{fn} such that f,(29) — oco. By normality of F at 2, there is a subsequence { f,, } of {f,} which
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converges uniformly to oo in some neighborhood U of zy and, hence, U C F,,(F). This proves
that Fi, (F) is an open subset of F'(F). Similarly, Fi,(F) is closed also.

We say that f € 9(F) if and only if there is an open disk D(zp,r) C F(F) and a sequence {f,}
in F such that {f,} converges uniformly to f on D(zp,r) and f ¢ F. By using Vitali’s theorem
[1, p. 56], for a family F of entire functions, f € 9(F) if and only if there is a sequence { f,} C F
which converges locally uniformly to f on a component of F'(F) and f ¢ F.

It is observed that Fio(F) # ¢ if and only if co € O(F). Further, if Foo(F) is a nonempty
proper subset of F'(F), then F(F) is disconnected. Following example shows that the converse of
this statement is not true.

Example1.5. Let F; = {sinkz: k € N}. Then we show that J(F;) = R.

Let zp € C\ R. Then choose a disk D(zp, ) about 2y such that D(zp,r) "R = ¢. Note that for
every z € D(zg,r) and k € N, kz ¢ R and

|sin kz| = \/sin2 kax cosh? ky + cos? kx sinh? ky =

= \/ (1 — cos? kz) cosh? ky + cos? kx sinh? ky =

= y/cosh? ky — cos? kx (cos.h2 ky — sinh? ky) =

= y/cosh? ky — cos? kz.

Thus |sinkz| — oo as k — oo uniformly on D(zg,r). Therefore, C\ R C F(F;). Next, if
2o € R, then any disk D(zp, s) about 2y contains a segment of R which is mapped into [—1, 1] by
sin kz for every k € N, whereas, for any other point z € D(zp,s) \ R, [sinkz| — oo as k — oo.
So the family F; = {sinkz:k € N} can not be normal on zp € R. Thus, R C J(F;). But
C\R C F(F1), hence, J(F1) =R.

For F» = {2":n € N}, J(F2) = {z: |2| = 1}. Let F3 = Fo U F;. Then, by Theorem 1.1,
J(F3) = RU{z: |z| =1}. Clearly, F/(F3) is disconnected and consists of four components. But
F(F3) is not proper subset of F'(F3), since it can be easily shown that Fi (F3) = F(F3).

2. Proof of main results. Proof of Theorem 1.1. (a) Clearly, J(F;) U J(F2) C J(F1 U F2).
To show that the other way inclusion, let zp € J(F1 U F2). Then, by Zalcman lemma [15], there is
a sequence {f,} C F1 U Fa, a sequence of positive real numbers 7, — 0 and a sequence {z,} :
Zn — 29 as n — oo such that f,(z, + r,z) converges locally uniformly on C to a nonconstant
entire function f(z). There is a subsequence { f,,, } of { f,} which lies entirely either in F; or F> and
fri (2n, + 7, 2) converges locally uniformly on C to the nonconstant entire function f(z). Hence,
by the converse to Zalcman lemma, 2o € J(F;) U J(Fz). Therefore, J(F1 U Fz) C J(Fi) U J(Fa).

(b) Suppose that C \ U contains at least two points. Since U = Ufef f(N), each f € F omits
at least two distinct values on N and, hence, by Montel’s theorem, F is normal in N, which is a
contradiction as z, € J(F) N N. Hence, C \ U contains at most one point.

Proof of Theorem 1.2. (a) If J(F) = D, then there is nothing to prove. Suppose that J(F) # D.
Assume on the contrary that Int(J(F)) # ¢. Let N be a neighborhood of some z € J(F) such
that N C J(F). Since J(F) is forward invariant, U = Ufef f(N) C J(F). By Theorem 1.1,

it follows that C \ J(F) contains at most one point. Since J(F) is properly contained in D, it
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follows that D = C and U = J(F). Since J(F) is closed in D = C, we have J(F) =C =D, a
contradiction. Hence, Int(J(F)) = ¢.

To prove (b), suppose zg € J(F) is an isolated point. Then there exists a neighborhood V' of
zp such that V'\ {20} N J(F) = ¢. Since f (F(F)) C F(F) forall f € F, f(V\{z0}) C F(F)
for all f € F. So the family F omits J(F) on V \ {z}. Therefore, by an extension of Montel’s
theorem [3, p. 203], F is normal in V, which is a contradiction.

Proof of Theorem 1.3. We use the method of Schwick [13] to carry out the proof. Let f € F.
By an application of the second fundamental theorem of Nevanlinna [6, p. 44], the set

- oo )

contains at most two points. Since J(F) contains at least three elements, therefore, for wy €
€ J(F)\ 4, O(wp, f) < 7 This implies that the equation f(z) = wp has infinitely many simple
roots ai, as, ..., say. Now by Zalcman lemma, there is a sequence f,, € F, a sequence z, — wg

and a sequence of positive real numbers r,, — 0, such that f,(z, + r,2) — h(z), where h(z) is
nonconstant entire function. Continuity of f implies that f o f,(z, + rnz) — f o h(z). If h is

transcendental, then for each a,, except for two values ©(a,, h) < 3 and hence there exists b € C

such that h(b) = a,, and h'(b) # 0. Further, if h is a polynomial, then for each a,,, except for one
value, h(z) = a, has simple roots. We pick up one value ai, say, such that there exists b € C with
h(b) = a1, and h/(b) # 0 and, hence, f(h(D)) = wo, f'(h(b))R (b) # 0, that is, (f o h)' (b) # 0.
Next, f o fu(zn + mnz) — (20 + Tn2) — f o h(z) — wp. Since f o h — wp has zero at z = b
and f o h — wy is not constant, by Hurwitz theorem, f o f,(z, + rn2) — (2n + rn2) has zeros
at ¢, with ¢, — b for all sufficiently large n. Thus w, = z, + rpc, is a fixed point of f o f,.
Since, for large 1,7, (f o fn) (20 + Tncn) = (f o fu(zn +7102)) (cn) = (f o h)'(b) # 0 so that
|(f o fa) (20 + mnen)| > 1.

The proof of Theorem 1.4 is on the similar lines as that of Theorem 1.3.

Proof of Theorem 1.5. (a) If J(F) = ¢, then there is nothing to prove. Suppose that J(F) # ¢.
Assume the contrary that there is zop € J(F) such that zg ¢ O2(z1) for some z; € C\ E(F), that
is, there is a neighborhood N of zg such that NN Ox(z1) = ¢. We choose a neighborhood N; C N
of zy such that (N7 \ {z0}) N Ox(22) = ¢ for some 2, € E(F) since O~(z2) is a finite set. Then
Urerf(N1 \ {20}) omits z; and z. Therefore, by an extension of Montel’s theorem [3, p. 203],
F is normal in Ny, which is a contradiction as zg € J(F) N V.

(b) Suppose that E(F) > 2 and let 21,22 € E(F). Let 29 € J(F). Since O7(z1) U O%(22)
is a finite set, we choose a neighborhood N of zp such that N \ {20} N (O%(21) UOZ(22)) = ¢
and, hence, by an extension of Montel’s theorem, F is normal in N, which is a contradiction as
20 € J(]:) N N.
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