DOI: 10.37863/umzh.v7319.805
UDC 517.5

A. Kashuri (Univ. Ismail Qemali, Vlora, Albania),
M. Z. Sarikaya (Diizce Univ., Turkey)

DIFFERENT TYPE PARAMETERIZED INEQUALITIES

FOR PREINVEX FUNCTIONS WITH RESPECT TO ANOTHER FUNCTION
VIA GENERALIZED FRACTIONAL INTEGRAL OPERATORS

AND THEIR APPLICATIONS

PI3HI TUIIX TAPAMETPHU30BAHUX HEPIBHOCTEN

JIJISI IPEIHBEKCHUX ®YHKIIN BIZITHOCHO ITHIIOI ®YHKIIIT
3 BUKOPUCTAHHSIM Y3ATAJIBHEHUX JTPOBOBUX
IHTEI'PAJIBHUX OITEPATOPIB TA iX 3ACTOCYBAHHS

The authors have proved an identity with two parameters for differentiable function with respect to another function via
generalized integral operator. By applying the established identity, the generalized trapezium, midpoint and Simpson type
integral inequalities have been discovered. It is pointed out that the results of this research provide integral inequalities for
almost all fractional integrals discovered in recent past decades. Various special cases have been identified. Some applications
of presented results to special means and new error estimates for the trapezium and midpoint quadrature formula have been
analyzed. The ideas and techniques of this paper may stimulate further research in the field of integral inequalities.

JloBeZeHO TOTOXHICTH 3 JIBOMA MapaMeTpamu Uil IU(pepeHIIHOBHUX (QYHKIIH BiJHOCHO iHIIOI (QyHKIIi 3 BUKOpPHUCTaH-
HSM Y3arajJbHEHOTO IHTETPAIBHOTO Omeparopa. 3a JOMOMOTOI0 Ii€l TOTOKHOCTI OTPUMAHO 1HTETPajbHI HEPIBHOCTI TUILY
Tpanenii, cepequboi Touku Ta TUIy CiMIicoHa. 3a3HaueHo, IO Pe3YJIBTAaTH LLOTO JOCIIKEHHS OXOIUTIOIOTh Maibke BCi
IpoOOBi 1HTETpaH, sAKi OyMH BiIKPUTI YIPOIOBK KUJIBKOX OCTaHHIX NECATUNITh. PO3MISHYTO pi3HI cHemianbHi BUITAIKH.
Takoxx HaBeCHO JEsKi 3aCTOCYBAHHS LIUX PE3YJIbTATIB y CIEL[iaJbHUX BUIAAKaX 1 HOBI OIL[IHKU MOXUOOK s KBaIpaTypHUX
dopmyr Ty Tparenii Ta cepeqHbOI TOYKHU. I1ei Ta MeToAu wiel poOOTH MaroTh CTHMYJIIOBATH MOJAJbLII JOCIIPKEHHS B
rajy3i IHTeTrpajgbHUX HEPIBHOCTEH.

1. Introduction. The following inequality, named Hermite — Hadamard inequality, is one of the most
famous inequalities in the literature for convex functions.

Theorem 1.1. Let f: I C R — R be a convex function and p1,p2 € I with p1 < py. Then
the following inequality holds:

P2
p1+ P2 1 f(p1) + f(p2)
f( . ) < — /f(w)da: R (1.1)
p1

This inequality (1.1) is also known as trapezium inequality.

The trapezium inequality has remained an area of great interest due to its wide applications in the
field of mathematical analysis. Authors of recent decades have studied (1.1) in the premises of newly
invented definitions due to motivation of convex function. Interested readers see the references [1 -6,
8, 10, 11, 13, 14, 18, 20-25, 27-33].

The following inequality is well-known in the literature as Simpson’s inequality.

Theorem 1.2. Let f: [p1,p2] — R be four time differentiable on the interval (p1,p2) and
having the fourth derivative bounded on (p1,p2) that is ||f® e = SUPze (py pa) |f®| < co. Then
we have
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P2

/f(a;)da: P2 ;pl f(pl)‘;f(l?z) +af (Pl -;m)] < QESW”JC(@”OO(M o)t (12)

p1

Inequality (1.2) gives an error bound for the classical Simpson quadrature formula, which is
one of the most used quadrature formulae in practical applications. In recent years, various genera-
lizations, extensions and variants of such inequalities have been obtained. For other recent results
concerning Simpson type inequalities, see [19, 26].

The aim of this paper is to establish trapezium, midpoint and Simpson type generalized integral
inequalities for preinvex functions with respect to another function, some applications to special
means and new error bounds for midpoint and trapezium quadrature formula. Interestingly, the
special cases of presented results, are fractional integral inequalities. Therefore, it is important to
summarize the study of fractional integrals.

At start, let us recall some mathematical preliminaries and definitions which will be helpful for
further study.

Definition 1.1 [23]. Let f € Llp1,p2|. Then k-fractional integrals of order o, k > 0 with
p1 > 0 are defined by

x

1@ = gy [ @ 0E @ 2>
p1
and
1 p2
o,k o %_

where 'y (+) is k-gamma function.

For k = 1, k-fractional integrals give Riemann — Liouville integrals. For o = k = 1, k-fractional
integrals give classical integrals.

Definition 1.2 [15, 16]. Let g: [p1,p2] — R be an increasing and positive monotone function
on [p1,p2], having a continuous derivative on (p1,p2). The left-hand side fractional integral of f
with respect to g on [p1,p2| of order o > 0 is defined by

T

v L g
e )_F(‘“)p[ o) — gl T

provided that the integral exists. The right-hand side fractional integral of f with respect to g on
[p1,p2] of order o > 0 is defined by

P2
, 1 9'(u) f(u)
L9 f(x) = / —du, 1z <pa,

provided that the integral exists.
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Jleli and Samet in [10] proved the Hadamard type inequality for Riemann - Liouville fractional
integral of a convex function f with respect to another function g. Also in [27], Sarikaya and Ertugral
defined a function ¢ : [0,00) — [0, 00) satisfying the following conditions:

1
/(’Oit)dt<oo, (1.3)
0
l<@ A for 1<f<2 (1.4)
A7 o(r) ~ 27
80(;1) < B(P(;) for s<r, (1.5)
r s
1
o(r) _els)| Clr — 8‘90(7“) for ~<<o (1.6)
72 g2 72 27 r

where A, B, C' > 0 are independent of r, s > 0. If ¢(r)r® is increasing for some o > 0 and

90(;) is decreasing for some 3 > 0, then ¢ satisfies (1.3)—(1.6) (see [28]). Therefore, the left- and
,
right-hand sided generalized integral operators are defined as follows:

T

pi Lo f () _/Wf(t)dt, T > p,

x—t
P1

p2

s 1ef@ = [ =D j0a, o<
xT

The most important feature of generalized integrals is that they produce Riemann-— Liouville frac-

tional integrals, k-Riemann- Liouville fractional integrals, Katugampola fractional integrals, con-

formable fractional integrals, Hadamard fractional integrals etc. (see [9, 12, 27]).

Recently, Farid in [7] generalized the above integral by introducing an increasing and positive
monotone function g on [py, p2], having continuous derivative on (p1, p2). The generalized fractional
integral operator defined by Farid may be given as follows.

Definition 1.3. The lefi- and right-hand sided generalized fractional integral of a function f
with respect to another function g may be given as follows, respectively:

6ot (o) = [ EHD =D i pwau, > (1.7)
G5 1) = [ I ) fuyan, < o 19

xT

This operator generalizes the various fractional integrals of a function f with respect to another
function g.
The following special cases are focussed in our study.
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(i) If we take ¢(u) = u, then the operator (1.7) and (1.8) reduces to Riemann - Liouville integral
of f with respect to function g:

T

1 f@) = [ fwdu, o> p, (19)
p1
p2

1, f@) = [ diwdn, o <p (1.10)

T

If g(u) = u, then (1.9) and (1.10) will reduce to Riemann integral of f.
«

(ii) If we take ¢(u) = %, then the operator (1.7) and (1.8) reduces to Riemann— Liouville
fractional integral of f with respect to function g:
1 i o
@) = gy [lote) =g @i, > (11)
p1
P2
©,9 1 a—1_1
Ip," f(x) = (o) [9(u) — g(2)]*"g'(u) f(u)du, x < ps. (1.12)

T

If g(u) = u, then (1.11) and (1.12) will reduce to left- and right-hand sided Riemann - Liouville
fractional integrals of f, respectively.

(iii) If we take @(u) = MTM&&), then the operator (1.7) and (1.8) reduces to k-Riemann-—
k
Liouville fractional integral of f with respect to function g:

1 o

@) = g [0 = a@IE g e, o> (113)

2t

1 p2

f;f;g_,kf(m) = m /[9(“) —g9(@)]* g (W) f(w)du, = < ps. (1.14)

xT

If g(u) = u, then these operators in (1.13) and (1.14) reduces to k-fractional integral operators given
in [23].

(iv) If we take ¢g4(u) = u(g(p2) — u)®~! for a € (0,1), then the operator given in (1.7) and
(1.8) reduces to conformable fractional integral operator of f with respect to a function g:

T

Kgof(e) = [ ot g @ fwidu, o> 1. (1.15)

p1

This operator (1.15) generalizes conformable fractional integral operator which was given by Khalil
etal. in [17].
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1—
(v) If we take p(u) = Eexp(—Au), where A = % and o € (0,1), then the operator
o
given in (1.7) and (1.8) reduces to fractional integral operator of f with respect to function g with
exponential kernel:

T

i@ =+ [ew (A6 —g@)d @ z>p. (119
. 1 p2 ,
Tpo? f (@) = a/exp (—A(g(z) — g(u)) g (u) f(u)du, x < ps. (1.17)

x
Operators in (1.16) and (1.17) generalizes fractional integral operator with exponential kernel which
was introduced by Kirane and Torebek in [18].

Motivated by the above literatures, the main objective of this paper is to discover in Section 2,
an interesting identity with two parameters in order to study some new bounds regarding trapezium,
midpoint and Simpson type integral inequalities. By using the established identity as an auxiliary
result, some new estimates for trapezium, midpoint and Simpson type integral inequalities via ge-
neralized integrals are obtained. It is pointed out that some new fractional integral inequalities have
been deduced from main results. In Section 3, some applications to special means and new error
estimates for the midpoint and trapezium quadrature formula are given. The ideas and techniques of
this paper may stimulate further research in the field of integral inequalities.

2. Main results. Throughout this study, let P = [mp1, mp; + n(p2, mp1)] be an invex subset
with respect to 7 : P x P — R, where p; < pz and m € (0, 1]. Also, for all ¢ € [0, 1], for brevity,
we define

P t@(g(mpﬁun(pz,mpl))—g(mpl)),m v " < oo
AZ(t) = 0/ iy L ISP (o, -+ (s, o)) du <

and

¢ (g (mp1 + n(p2, mp1)) — g (mp1 + un(p2, mp1)))
g (mp1 + n(p2, mp1)) — g (mp1 + un(p2, mp1))

API(t) =

~—

x g (mp1 + un(p2, mp1)) du < oo,

where ¢ is an increasing and positive monotone function on P, having continuous derivative on
P° = (mp1, mp1 + n(p2, mp1)).

For establishing some new results regarding general fractional integrals we need to prove the
following lemma.

Lemma 2.1. Let f: P — R be a differentiable mapping on P° and v1,v2 € R. If f' € L(P),
then the following identity for generalized fractional integrals holds:

()
Y1f (mp1) + v2.f (mp1 + n(p2, mp1)) " 2 2) m+t+m
2 2 2
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n(p2, mp1) 1
X — X
/ (mpl " 2 ) 21(p2, mp1)

®,9 ¥9 =

X [G(mp1+n(p272mp1)>+f (mpl + 77(1927771171)) + G(mpl+n(p2,2mp1)>_f(mp1) B
1
2

n(p2, mp1)

== /[Ai’?;g(t) — ] " (mp1 + tn(p2, mp1)dt —
0

1
- / [AL9(t) — o) f/(mpy + tn(pa, mpy))dt

N

We denote

2, Mp1
Tr az9 a%9 (V1,723 01, 2) = 17(p2p) X

X /[Aﬁzg(t) — ) f'(mp1 + tn(pa2, mp1))dt —
0

1
- / [ALI(8) — 3] £/ (mp1 + tn(p, mp))dt b @.1)

1

2

Proof. Integrating by parts equation (2.1) and changing the variable of integration, we have

Tr pg9 a%9 (V1,725 P1,P2) =
1 1
2
n(p2, mp1)

3
=5 /Af{g(t)f/ (mp1 + tn(p2, mp1)) dt — ’Yl/f/ (mp1 + tn(p2, mp1)) dt —
0 0

1 1
- /Aﬁig(t)f’ (mp1 +tn(p2,mp1))dt+72/f’ (mp1 + tn(pe, mp1)) dt » =

1 1
2 2

=

? 1
n(p2, mp1)

n(p2,mp1) | ARI(E) f (mp1 + tn(p2, mp1))
2 n(p2, mp1)

X

0
1

X / (P;if;;?lt:ggﬁgg;;)__gg(fz;%))9/ (mp1 + tn(p2, mp1)) f (mp1 + tn(p2, mp1)) dt —
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1 1

7 AR f (mpr +tn(p2,m
— T (mpy + tn(p2,mpr)) | — (&)f (mn + t1(ps, mp))
n(p2, mp1) 0 n(p2, mp1)

N|=

1

/w g (mp1 + n(p2, mp1)) — g (mp1 + tn(p2, mp1)))
n(p2, mp1) (mp1 + n(p2, mp1)) — g (mp1 + tn(p2, mp1))

x g (mp1 + tn(pa, mp1)) f (mp1 + tn(pz, mp1)) dt + —2 g (mp1 + tn(p2, mp1)) =
n(p2, mp1)

N

1
(sl
_ Y1.f (mp1) +y2f (mp1 + n(p2, mp1)) + 2 2) m+tm

77(]027"71291)> 1
f< o 2 21(p2, mp1)
©,9 0.
G(mp +M>+f (mpl + 77(p27mp1)) + G(mp +W(I)2wal))f(mp1)] .

Lemma 2.1 is proved.

Remark?2.1. 1. Taking m = 1, v1 = v2 = 0, n(p2, mp1) = p2 — mp; and g(t) = p(t) =t in
Lemma 2.1, we get the classical midpoint type identity.

2. Taking m =1, 71 = v = 2’ 1(p2, mp1) = p2 — mpy and g(t) = p(t) = t in Lemma 2.1,
we get the classical Hermite — Hadamard type identity.

3. Taking m = 1, vy = v2 = 1, n(p2, mp1) = p2 —mp; and g(t) = ¢(t) =t in Lemma 2.1, we
get the new Simpson type identity.

Theorem 2.1. Let f: P — R be a differentiable mapping on P° and 0 < 1,7 < 1. If

|f'|9 is preinvex on P for ¢ > 1 and p~t + q~1 = 1, then the following inequality for generalized
fractional integrals holds:

‘TﬁA?f{g,A?f{g(’}/h72;p17p2)‘ < Tl(p;’q\/ngjl) X
x { {/BRE (s p) 3/31f (mpn)|e + [/ (p2)|7 + §/BRY (h2;p) Y/1f (mp1)]7 + 3|f’(p2)|q},
where
5 1
B9 (mi;p) - /’A“"g 71‘pdt, BXY (2;p) /)N’g 72’pdt-

0

[N

Proof. From Lemma 2.1, preinvexity of | f’|?, Holder inequality and properties of the modulus,
we have
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n\p2, mp1
Ty ae:9 Az (V1,725 P15 p2) | < <2> X

1

[ |8596) |7 -+ 903, o)t +
0

1

+ / ‘Aﬁ;g(t) — ’ngf’ (mp1 + tn(p2, mp1)) ‘dt <

1

2

1 5o/
(p2, mp1) / P !
5 0
1
1 L !
q
/‘Awg 72‘ dt f’ (mp1+t77(p2,mp1))‘ dt =
] 1
3 2
1
q
,m
< 77(1’221’1) B9 (y15p / 1—t )| (mp1)|? + ] f'(p2)|? }dt +
0

1
1 q

4820 ) | [ [0 01 Gnpol7 + 1 o)l | 6 =

1
2
_npempn)

YT

x { {/BR2 (s p) 3/31f (mpn)|e + [/ (p2)|7 + §/BRY (h2;p) Y/1f (mp1)]7 + 3|f’(p2)|q}-

Theorem 2.1 is proved.
We point out some special cases of Theorem 2.1.
Corollary2.1. Taking p = q = 2 in Theorem 2.1, we get

n(p2, mp1) "
44/2

x {\/ BYY (v152) V/3Lf (mp1) 2 + | F/(02) P + / BLY (v2:2) VI (mp1) 2 + 3f’(P2)|2}-

Corollary2.2. Taking |f'| < K in Theorem 2.1, we get

‘Tf,Af,;g,Af,;g (v1,72; p1. p2)| <
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K77 b2, mp1
Tf,Aﬁ;Q,Aﬁ;Q(’Vla7231)1,]92)‘ < ¥ {/Bf’g(%;l)) + {/BX’Q (y2;p) ¢-
2/2 ™ m
o(t)

Corollary2.3. Taking m = 1, v1 = 72 = 0, n(p2, mp1) = p2 — mp; and g(t) = =tin

Theorem 2.1, we get the following midpoint type inequality:
| Ty ar.00 (0,05 p1,p2)| <

< svr o VDR =37 + 3Tl + 7

1
Corollary2.4. Taking m =1,y = v = 2 n(p2, mp1) = p2 — mpy1 and g(t) = p(t) =t in

Theorem 2.1, we obtain the following trapezium type inequality:

<

11
TN <2, 2;191,102)

{1701+ 317 ) + Y37 0 + 17 (2l }-

p2 —

< P1
T 2¥/8¢/2pt1(p+ 1)

Corollary2.5. Taking m = 1, v1 = 72 = 1, n(p2, mp1) = p2 — mp1 and g(t) = o(t) =t in
Theorem 2.1, we have the following new Simpson type inequality:

Trar.0, (1, 1591, p2)| <

p2 —p1 ,|2PT =1
T 84 p+1

{VIF OO+ 317 o)l + Y37 0l + 7 (P2}

1 5
Corollary2.6. Taking m =1, y; = e =g n(p2, mp1) = p2 —mp1 and g(t) = p(t) =t in
Theorem 2.1, we get

<

15
INTNWN <6’ 6;]317102)

P21y, 3(2rtl 1)
24/4 p+1

{170+ 317 ()] + Y317 ()7 + [ (pa) 7.

Corollary2.7. Taking v1 = 2 = 0 and ¢(t) =t in Theorem 2.1, we have
1

T AL AY (0707p17p2) S %
} f7 my=m | 2\(1/§ 7](p27mp1)

X {(/ B (p) 3/3[f"(mp)|e + | f(p2)|7 + {/ BY (p) /' (mp1)]4 + 3\f’(p2)!q},

where
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mp1+ n(p2 ;2"1131)

Blwi= [ o)~ gm0t
mpi
and
mp1+n(p2,mp1)
Bi(p) = [g(mp1 + n(p2, mp1)) — g(t)]"dt.
mpy -+ 202:m1)

(e}

I(a)

Corollary2.8. Taking v1 = 2 = 0 and ¢(t) = in Theorem 2.1, we obtain

1
Tt ps a9 (0,0,p1,p2)| < X
‘ f7 s | 2\q/g€/77(p2’mp1)

x {m 37 mpn) e+ 17 (o)l + {/Bi(p, ) /TF (mpr)[e + 3|f'<p2>|q},

where
mp1+n(p2 72mp1)
Bi(p,a) := / [9(t) — g(mp1)]"dt
mpi
and

mp1+n(p2,mp1)
Bi(p.a) = / [g(mp1 + n(p2, mp1)) — g(t)]""dt.

mp1+ n(p2 gﬂm)

>

t
kT ()

Corollary2.9. Taking v1 = 2 = 0 and ¢(t) = in Theorem 2.1, we get

1
Tt ps a9 (0,0,p1,p2)| < X
} f7 ) | 2\q/g€/77(p27mp1)

X { {/BY(p, . k) /31 (mp1)|2 + |/ (p2)]9 + {/ BE (0, v, k) /1 (mp1)]2 + 3|f/(p2)\q},

where
m,pl_i_n(pggnpl)
ydes
Bpak)= [ o0 - glmp)] ¥
mpi

and

mp1+n(p2,mp1)

E
k)= [ [otmpr e mp) — g(0)] ¥ .
mp1+”(p2’2mp1)
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[0}

Corollary2.10. Taking v1 = 2 = 0 and ¢4(t) = t(g(mp1+n(p2, mp1))—t)*~1 in Theorem 2.1,

we have
1

Tt p9 a9, (0,0,p1,p2)| < X
[T as. | 2v/8%/n(pa2, mp1)

X { {/BS(p) /31f (mp0)|? + |/ (p2)|7 + {/ BE(p, @) /1f (mpr)]7 + 3|f’(p2)\q},

where
mp1+17(17272mp1) v
o
Bi(p) = / {ga(mpl + n(p2, mp1)) — [g(mpl) + g(mp1 +n(p2, mp1)) — g(t)] } dt
mp1
and
mp1+n(p2,mp1)
p
B{(p, @) := [ga(mpl + n(p2, mp1)) — g*(¢)| dt.
mp1+n(p272mp1)
t _
Corollary2.11. Taking v1 = vo = 0 and o(t) = —exp(—At), where A = a, in Theo-
«a

rem 2.1, we obtain
1

Tt a9, a9,(0,0,p1,p2)| < X
Tras. | 2V/8%/n(p2, mp1)

X {{/ BY(p, A) 3/31f (mp1)| + |/ (p2) |7 + {/ By (0, A) /1 (mp1)]4 + 3|f/(p2)q},

where
mp1+n(P2,2mP1)
P
B A= [ {1-eo Al - g0)]} @
mp1
and

mp1+n(p2,mp1)
Bio(p, A) == / {1=exp [A(g(t) = glmp1 + nlp2,mp1))] }pdt~

mp1+ n(p2 ,2771101)

Theorem 2.2. Let f: P — R be a differentiable mapping on P° and 0 < ~1,vo < 1. If | f'|?
is preinvex on P for q > 1, then the following inequality for generalized fractional integrals holds:

Tt a9 azo(Y1,72: P1,p2)| <
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IN

W{ [Be96u 0] DRI oo + ERSGol 7 ol +

+ [BEI (e 1)] T {/ERE ()| (mpr o + HE <72>|f/<p2>\q},

where

1 1
2

2
DRt = [a-0fazs@ —mlan  Bgoen = [d|age) -
0 0

1 1

FR9 (o) = /(1—t)’A2%’g(t) —w‘dt, HZ? (72) r:/t)Aff’(t) —w‘du

1
2

[NIES

and BY?(y1;1), BR? (v2;1) are defined as in Theorem 2.1.

Proof. From Lemma 2.1, preinvexity of |f’|7, power mean inequality and properties of the
modulus, we have

n(p2, mp1) "

T ae9 aza (71,725 P1,p2) | < 5

1
3
X / ’Aﬁ;g(t) - ’V1Hfl (mp1 + tn(p2, mp1)) ‘dt"‘
0

1
+ / ‘A;’f{g(t) - ’YQHf/ (mp1 + tn(p%mpl)) ‘dt <
1
2

< n(p2 ,2mp1) "

1-1
1 q

2

N

1
q

| [ ase@ = lae || [ Az = o+ entempn)[ae |+
0 0

q

IN

1—1
1 a 1
4 / |AZ9() = 2 at / |AZ () = | £ (mp + (2, mpr) |t
1 1
2 2

§’7(p2’2mpl) [3;5(71;1)]13 j‘Af{g(t)Vl)[(lt)|f/(mp1)|q+75|f/(1)2)|q]dt +
0
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1 q
1—1
q

+ B2 (2 1)]

1
2

- ”“’22"”’1’{ (55200 )] ' /DRI mpa)l + BLZ ol (pa)le +

+ B2 )] " /PR o) P (mp) o + HES (72)\f’(p2)\‘I}.

Theorem 2.2 is proved.
We point out some special cases of Theorem 2.2.
Corollary2.12. Taking q =1 in Theorem 2.2, we get

Ty a2ia azia (1, 72: p1,2)| <

< n(p2, mp1)

Corollary2.13. Taking |f'| < K in Theorem 2.2, we have

Kn(p2, mp1) "

‘Tf,A,fgg,A,fgg (71, 72;]01,192)‘ < 2

[0 =l [0 = 01 Gnpol? + 15 @)1 | =

5 {[Df;zwn + FL9 ()| 1 (mpo)| + [ ELY (n) + HES (12)] rf'<p2>|}.

1193

1-1 11
x {[Bflf(’n;l)} ! {/Df;i(w) +EXS () + [BZ;Z(’VQ;D] ! {/FK;‘Z(’VQ) +HZ;i(72)}.

Corollary2.14. Taking m = 1, vy = v2 = 0, n(p2, mp1) = p2 — mp1 and g(t) = p(t) =t in

Theorem 2.2, we obtain the following midpoint type inequality:

| Tf00.0,(0,0;p1,p2)| <

S172—1191
16v/3

{V1F GOl + 207 o)l + 2P (o) + 17 (p)I7 -

1
Corollary2.15. Taking m = 1, y1 = v2 = =, n(p2, mp1) = p2 — mpy and g(t) = p(t) =t in

2
Theorem 2.2, we get the following trapezium type inequality:

11
Tty A, <2,2;p1,P2> <

< i;e%{%f%pl)!q I (P27 + /BP0 + [F (P27

Corollary2.16. Taking m = 1, v1 = vo = 1, n(p2, mp1) = p2 — mp1 and g(t) = p(t) =t in

Theorem 2.2, we have the following new Simpson type inequality:

Tar.0, (11501, p2)| <

< W{%\f’(m)!q FT 27+ /T )+ 217 o)l
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1194 A. KASHURI, M. Z. SARIKAYA

1 5
Corollary2.17. Taking m =1, v, = e 2= n(p2, mp1) = pa — mpy and g(t) = @(t) =t
in Theorem 2.2, we get

15
Tf,Al,Al <676;p1)p2> | <

-+
< (g) B {%nf'(pl)\q + 6 (p2)l4 + /851 (po)le +94!f’(p2)lq}a

751 +i9—729 —%andQ—%—l
1944 " 48 %7 12067 2 648 17648 48

Corollary2.18. Taking v1 = v = 0 and ¢(t) =t in Theorem 2.2, we have

where 01 =

Ty a3, a9, (0,0,p1,p2)| <

< % { [BY(1)] = {/[Bi’(l)n(pz,mm) — Cﬂ |/ (mp1)|9 + CY| f(p2) |9 +
21 9 (p2, mp1)

+ [B3(1)] = (/[Bg(l)n(pmmpl) - Eﬂ | f!(mp1)|? + E19|f’(p2)!q}7

where

mpy 200
ct= [ - mee® - gmp)at
mpi1
mp1+n(p2,mp1)
Blm [ (- mm)(gmpn (e mp) - g(t)at,

mp1-+ n(p2 ,2mp1)

and B (1), By(1) are defined as in Corollary 2.7 for value p = 1.
167

Corollary2.19. Taking v, = v2 = 0 and ¢(t) = in Theorem 2.2, we obtain

T
I'(a)
1
|Tf,A%,A$n(0707p17p2)’ S — %

2n" ¢ (p2, mp1)

1

x{[Bga >]1‘qy[3g<1 Jn(p2,mp1) = CF ()] |f/(mpr) |2 + Cf (@) 1/ (p2) 2 +
gL, 3L« 2, MP1 o mp1 o p2

1—1

+ |[Bl(La) ¢ B, )n(pa, mpn) — B ()] | (mp)] + Elg(a)lf’(m)lq},

where
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mp1+n(p2’2mp1)
C¥(a) = / (t — mp2)(g(t) — g(mpy))°dt,
mpi

mp1+n(p2,mp1)
EY(a) = / (t — mp1)(gmpy + 1(ps,mp1)) — g(t))*dt,

n(p2,mp1)
mp1+ ( 22 1

and Bj(1, ), B{(1,«) are defined as in Corollary 2.8 for value p = 1.

Corollary 2.20. Taking v, = v2 = 0 and ¢(t) in Theorem 2.2, we get

t®
k()
1
T} .09,,28,(0,0,p1,p2) | < —7—— X
27] E (p27mp1)

1—1

x { (320,000 " [BA0L 0B, ) — ) L7 o)+ e B +

+ B k)] \/ | BY(1, 0 k) (pa, mpr) — B (o, )| (mpn)le + B (o k:)\f’(pz)lq},

where

mp1-+ n(p2 ’2’”’?1)

(0 k) = / (t — mpr)(g(t) — glmpy)) E t,

mp1+n(p2,mp1)
Ef(a,k) = / (t — mp1) (g(mps + n(p2smpr)) — g(0)) Edt,

mp1+n(p2,2mp1)

and BY(1, o, k), B{(1,a, k) are defined as in Corollary 2.9 for value p = 1.
Corollary2.21. Taking ¢g4(t) = t(g(mp1 + n(p2, mp1)) — t)*~ ! in Theorem 2.2, we have

}Tf,Afn,A;‘il (07 0:P17P2)| S

11
s S E— { [B?(l)} ! </[B$(1)U(p27mp1) - Lﬂ |f(mp1)|2 + L| f'(p2)]? +

1

+[Bla)| J [BY(1, @)n(p2, mpr) = L4(0)] 1/ mpy) o + L§<a>rf'<p2>|q},

where

mp1+ n(p2 72mm)

= [ @-mp)x

mp1
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X [g%(mp1 + n(p2, mp1)) — (g(mp1) + g(mpy + n(p2, mp1)) — g())" | dt,

mp1+n(p2,mp1)
Li(a) = / (t — mp1) [g* (mp1 + n(p2, mp1)) — g*(¢)]dt,

mlern(Pz vaPI)

and BY(1), BJ(1, ) are defined as in Corollary 2.10 for value p = 1.

t 1-—
Corollary2.22. Taking v1 = v2 = 0 and ¢(t) = —exp(—At), where A = 7&, in Theo-
a o

rem 2.2, we obtain

1
Tt a9 n2,(0,0,p1,p2)| < T x
2(1 —a)n a (p2, mp1)

x {[Bg<1,A>]1‘3 {/L4(A) 1 (mpo)l + LA (p2)le +

+ [Bly(1, 4)] 0§/ L4(A) £ (mpn) 9 +L§(A)|f’(p2)\q},

where
mp1+”7(P2v2mP1)
pay= [ ) - {1 - e [AlgGmp) - g(0)] b,
mp1
mp1+”l(l’2=2mp1)
gy = [ ) {1-ew [A0mm) - g(0)] ot
mpi1
mp1+n(p2,mp1)
L{(A) == / (mp1 + n(p2, mp1) — t) X
mp1+”7(P2v2mP1>

x {1 = exp [A(g(t) = g(mp1 +np2.mp1)) ] fat,

mp1+n(p2,mp1)
gy = [ =) {L— e [A(600) — glmpr + (o mp)] e,

n(p2,mp1)
mp 4 1E27P1)

and B§(1, A), B{,(1, A) are defined as in Corollary 2.11 for value p = 1.
Remark2.2. Applying Theorems 2.1 and 2.2 for special values of parameters +; and s, for
appropriate choices of function g(t) = t; g(t) = Int Vt > 0; g(t) = € etc., where

o th
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-1
pg(t) =t(g(p2) —t)* " for a€(0,1),

o(t) = Lexp [(-1 - a) t} for @€ (0,1),

« o

such that | f’|7 to be preinvex (or convex in special case), we can deduce some new general fractional
integral inequalities. The details are left to the interested reader.

3. Applications. Consider the following special means for different real numbers p;, p2 and

pip2 # 0:
1) the arithmetic mean:

_l’_
A= A(plvpz) _ p1 T P2

2 )
2) the harmonic mean:
2
H::H(plaPZ): 1 1
N + N
b1 P2
3) the logarithmic mean:
P2 —n1
L := L(p, =—"
P12 = ]

4) the generalized log-mean:

L, = Lr(p17p2) =

D0 | reZ\{-1,0}.
It is well-known that L, is monotonic nondecreasing over r € Z with L_; := L. In particular,
we have the inequality H < L < A. Now, using the theory results in Section 2, we give some
applications to special means for different real numbers.

Proposition 3.1. Let m € (0, 1] be a fixed number and py,ps € R\ {0}, where py < ps and
n(pa, mp1) > 0. Then, for r € N and r > 2, where ¢ > 1 and p~' + ¢! = 1, the following
inequality holds:

1
r+1 r+1 |7
by — D ]

‘Ar(mph mp1 + n(p2, mp1)) — Ly.(mp1, mp1 + n(p2, mpl))’ <

1(p2, mp1) - - - -
< D ) a9l A a(r=1) 3|pyla(r=1)) + ¢/ A (3 q(r—1), q(r=1)) \ .
—4€/§W+1{¢ (Imp1 [p2|4=D) \/ (31mp| P )}

Proof. Taking v1 =2 =0, f(t) =t" and g(t) = ¢(t) =t in Theorem 2.1, one can obtain the
result immediately.

Proposition 3.2. Let p1,ps € R\ {0}, where p1 < pa and n(p2, mp1) > 0. Then, for r € N
and r > 2, where ¢ > 1 and p~' + q~' = 1, the following inequality holds:

[A((mp1)", (mp1 + (D2, mpn))") = Li(mpr,mps + 1(p2,mp1)| <

= By D

ISSN 1027-3190. Vkp. mam. scypn., 2021, m. 73, Ne 9
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, f(t) =1t" and g(t) = ¢(t) = t in Theorem 2.1, one can obtain

N

Proof. Taking v; = 2 =
the result immediately.

Proposition 3.3. Let p1,ps € R\ {0}, where p1 < p2 and n(p2, mp1) > 0. Then, for r € N
and r > 2, where ¢ > 1 and p~! + ¢~ = 1, the following inequality holds:

A((mp1)", (mp1+n(p2, mp1))") _%

rn(p2, mp1) 2P+ =1 - - - -
= q 201, 3[py 91+ { a1, pofatr-1) |
= 8¢a f/pT \/A(Impll , 3|p2| )+\/A (3|mpi| . |2 )

Proof. Taking v1 = v =1, f(t) =t" and g(t) = ¢(t) = t in Theorem 2.1, one can obtain the
result immediately.

Proposition 3.4. Let p1,p2 € R\ {0}, where p1 < po and n(pa, mp1) > 0. Then, for ¢ > 1
and p~' + q~! = 1, the following inequality holds:

<

A" (mp1, mp1+n(p2, mp1))+L;.(mp1, mp1 +n(p2, mpl))]

1 1

<
A(mpr,mpr +n(p2, mp1))  L(mpr, mp1 + n(p2, mp1))

_ </577(192,77%101) 1 N 1
T VA AYp+ T | /H (Imp1]?4,3[p2]?0)  /H (3mp1 29, |p2]?9)

1
Proof. Taking v =2 =0, f(t) = n and g(t) = p(t) =t in Theorem 2.1, one can obtain the

result immediately.
Proposition 3.5. Let p1,p2 € R\ {0}, where p1 < pa and n(pa, mp1) > 0. Then, for ¢ > 1
and p~' 4+ q~! = 1, the following inequality holds:

<

1 1
H(mp1, mp1 +n(p2, mp1))  L(mpi, mp1 + n(p2, mp1))

n(p2, mp1) 1 N 1
T VA2 (p+ 1) | /H (Jmpa|?9,3|p2?7)  /H (3|mp1]?9, [p2]?9)

1 1
Proof. Taking v; = vy = 2’ ft) = n and g(t) = ¢(t) = t in Theorem 2.1, one can obtain

the result immediately.
Proposition 3.6. Let p1,p2 € R\ {0}, where p1 < pa and n(pa, mp1) > 0. Then, for ¢ > 1

and p~' + q~! = 1, the following inequality holds:

1 1

H(mpy, mpy 4+ n(p2, mp1)) 2

< n(p2, mpy) /2Pt — 1 1 n 1
T 82 V p+1 | /H (mpi1[?,3]p2[?)  /H 3[mp1[29, [p2]9) |
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Proof. Taking v1 = v =1, f(t) = % and g(t) = ¢(t) =t in Theorem 2.1, one can obtain the
result immediately.

Proposition 3.7. Let p1,ps € R\ {0}, where p1 < pa and n(p2, mp1) > 0. Then, for r € N
and r > 2, where q > 1, the following inequality holds:

‘A’"(mpl, mp1 + n(p2, mp1)) — L. (mp1, mp1 + n(p2, mpl))‘ <

< f/gm(pzémpl){ (A (mpr 10D, 20po[atr=D) + {/ A (2mpy |01, pylar-D) }

Proof. Taking 3 =2 =0, f(t) =" and g(t) = ¢(t) =t in Theorem 2.2, one can obtain the
result immediately.

Proposition 3.8. Let p1,ps € R\ {0}, where p1 < pa and n(p2, mp1) > 0. Then, for r € N
and r > 2, where q > 1, the following inequality holds:

|A((mpn)" -+ w2, mpn))") = Ly (mpy, mpy + (2, mn)| <

7’77<p27mp1> r—1 r—1 r—1 r—1
ém{Wumpm ), 5lpalelr D) + {4 (slmpa a1, pafsl1) b

1
Proof. Taking v; = v = 2’ f(t) =t" and g(t) = ¢(t) =t in Theorem 2.2, one can obtain
the result immediately.

Proposition 3.9. Let p1,ps € R\ {0}, where p1 < p2 and n(p2, mp1) > 0. Then, for r € N

and r > 2, where q > 1, the following inequality holds:

A((mp1)", (mp1 + n(p2, mp1))") —

1
2

o/ 23rn(p2, mp1) | , — T_ . — —
S\/;16 \/A(2|mp1|’1( 1), 7|pa |4 1))+\/A(7|mp1|’I( b, 2|pa|ar=1) 5.

Proof. Taking v1 =y =1, f(t) =" and g(t) = ¢(t) =t in Theorem 2.2, one can obtain the
result immediately.

Proposition 3.10. Let p1,p2 € R\ {0}, where p1 < pa and n(p2, mp1) > 0. Then, for ¢ > 1,
the following inequality holds:

<

A" (mp1, mp1 + n(p2, mp1)) + L;.(mp1, mp1 + n(p2, mp1))]

1 1

<
A(mpr,mpr +n(p2, mp1))  L(mpr, mp1 + n(p2, mp1))

/2 n(p2, mp1) 1 n 1
V3 8 YH (Imp1[29,2[p2?7)  ¢/H (2lmp1]?4, [p2]9)
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Proof. Taking v1 = v =0, f(t) = % and g(t) = ¢(t) =t in Theorem 2.2, one can obtain the
result immediately.

Proposition 3.11. Let pi,p2 € R\ {0}, where p1 < p2 and n(p2, mp1) > 0. Then, for ¢ > 1,
the following inequality holds:

1 1

‘H(mplamm +n(p2,mp1))  L(mp1, mp1 + n(p2, mp1))

<

n(p2, mp1) 1 N 1
723 YH (Imp1[?9,5[p2[?7)  ¢/H (5lmp:1]4, [p2]4)

1 1
3 f(t) = — and g(t) = ¢(t) = t in Theorem 2.2, one can obtain

Proof. Taking v; = 1o = .

the result immediately.
Proposition 3.12. Let p1,p2 € R\ {0}, where p1 < p2 and n(p2, mp1) > 0. Then, for ¢ > 1,
the following inequality holds:

<

1
'H(mp1,mp1 +n(p2,mp1)) 2

1 1
A(mpr,mpr + n(p2, mp1))  L(mp1, mp1 + n(p2, mp1))

_ i;f?ﬂ?(pz,mpl) 1 N 1
~ V9 16 YH (2lmp1[?9, T|p227) ¢/ H (TImp1]9, 2|p2[?9)

1

Proof. Taking v =y =1, f(t) = n and ¢(t) = p(t) =t in Theorem 2.2, one can obtain the
result immediately.

Remark3.1. Applying our Theorems 2.1 and 2.2 for special values of parameters v, and o, for
appropriate choices of function g(t) =t; g(t) = Int Vt > 0; g(t) = € etc., where

te th
t) = ta T/ N\ 1.7 /- \°
P00 @) M@

pg(t) =t(g(p2) —t)*~" for a€(0,1),

o(t) = L exp [(—1 - O‘) t} for a € (0,1),

(07

such that |f’|? to be preinvex (or convex in the special case), we can deduce some new general
fractional integral inequalities using above special means. The details are left to the interested reader.

Next, we provide some new error estimates for the midpoint and trapezium quadrature formula.
Let @ be the partition of the points p; = 9 < 1 < ... < x = po of the interval [p1, ps]. Let
consider the quadrature formula

/f M(,Q) + E(f, Q), /f T(£,Q) + E*(£.Q),

where
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k—1 k—1

<xl + ZE'L+1> (wis1 — 72, Z flas) + f (Tiy1) (zip1 — ;)

=0

=0

are the midpoint and trapezium version and E(f,Q), E*(f, Q) are denote their associated approxi-
mation errors.

Proposition 3.13. Let f: [p1,p2] — R be a differentiable function on (p1,p2), where p1 < pa.
If |f'|9 is convex on [py,ps] for ¢ > 1 and p~* + q~! = 1, then the following inequality holds:

B(,Q)] < ) { Y1 @[3 i) 1+ B @)+ (i) 7.

Proof.  Applying Theorem 2.1 for m = 1, 794 = 72 = 0, n(p2,mp1) = p2 — mp; and
g(t) = ¢(t) =t on the subintervals [z;,x;41], i = 0,...,k — 1, of the partition (), we have

Tit+1

s (l‘z +2£Ez'+1> B xiﬂl_ - / f)d| <

Ty

< tororet (@I 3 )+ S Gl+ Py G

Hence, from (3.1), we get

/ f(x)dz — M(f,Q)| <

Ti+1

T
L

Ti+ T
S R e L E
1=0 zi
E—1| [ *itt ot
; +1
< [ sene— g () -0 ) <
i=0 | | .
1 k—1
< — Tiv1 — xi)% ¥
—4\(1/1 p+1i:0( i+1 2)

x A YT @l + 31 i)l + /B3I @7+ [ (@)l |-

Proposition 3.13 is proved.
Proposition 3.14. Let f: [p1, p2] — R be a differentiable function on (p1,p2), where p1 < pa.
If | f'|2 is convex on [p1, pa] for q¢ > 1, then the following inequality holds:

E(£.Q) me {1 @l 2 o) + Y21 @)l + 1 )]}

8f
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Proof. The proof is analogous as to that of Proposition 3.13 taking m = 1, v3 = v = 0,
n(p2, mp1) = p2 — mp; and g(t) = ¢(t) = t using Theorem 2.2.

Proposition 3.15. Let f: [p1,p2] — R be a differentiable function on (p1,p2), where p1 < pa.
If |f'|9 is convex on [p1,ps] for ¢ > 1 and p=* + q~! = 1, then the following inequality holds:

‘E*(va)‘ > \[W Z Li+1 —

(/@ + 3 i)+ /3 @l + | F @)l

1
Proof.  Applying Theorem 2.1 for m = 1, y; = 72 = 5, n(p2, mp1) = p2 — mp; and
g(t) = ¢(t) =t on the subintervals [z;,x;y1], i = 0,...,k — 1, of the partition (), we have
) Tit1
|f(9€z') + flziy) fla)dz| <
2 Tit1 — T4
T LIPS @)+ B @l + [Pl (2
= \[ 2p+1 T 1 1+ 7 1+
Hence, from (3.2), we get
P2
B (1.Q)| = | [ fw)iz - 7(£.0)| <
P1
k—1 Tit+1
. { / @) +2f(1'z+1) ot — :m} .
1=0 z
S f(@i) + fwin)
T Tit1
SZ { / - 5 — ($i+1—$i)} <

k—1
1 2
< Tiv1 — T {q Nx) |2+ 3| f(x; 9+ /3 f (x| + | f'(x; q}‘
T %( w1 = @Y @l + 31 (i) |1+ /31 F @a)le + 1 (i)
Proposition 3.15 is proved.
Proposition 3.16. Let f: [p1,p2] — R be a differentiable function on (p1,p2), where p1 < pa.
If | f'|2 is convex on [p1, pa] for q¢ > 1, then the following inequality holds:

E*(£.Q) Z (wirs = 2 { Y17 @)+ B (o)t + Y5 @l + [ (i)l -

72{

1
Proof. The proof is analogous as to that of Proposition 3.15 taking m = 1, v = v = 3
n(p2, mp1) = p2 — mp; and g(t) = ¢(t) = t using Theorem 2.2.
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Remark3.2. Applying our Theorems 2.1 and 2.2, where m = 1, for special values of parameter

v1 and 7o, for appropriate choices of function g(t) = t; g(t) = Int Vt > 0; g(t) = € etc., where

oty =, L
T(a)’ ATx(a)

pg(t) = t(g(p2) —1)*~" for a€(0,1),

o(t) = Lexp [(-1 - a) t] for @€ (0,1),

« o

such that |f’|? to be convex, we can deduce some new bounds for the midpoint and trapezium
quadrature formula using above ideas and techniques. The details are left to the interested reader.
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