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A remark about a norm estimate
for white noise distributions
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The description of the space (S)* of white noise distributions is received in the terms of the
S-transform well-known in the white noise analysis.

Onepikano onuc npoctopy (S*) yzaraasnenux dyukuii sig 6i1oro myMmy B Tepmidax sigomoro 8
aHaJisi Gijoro wymy S-nepeTBOpeHHS.

I.Introduction and main result. Let us consider the real
Schwartz space S (R) and its dual 8" (R) equipped with the o-algebra 3 ge-
nerated by its cylinder sets and with the white noise measure p given by

Gl 5 exp (i (x, [)) dp (x) = exp (— Qilf f%)

S°(IR)

for f € S (R). Here ||, denotes the norm L? (R) and (-,-) dual pairing. Below,
we shall shortly recalr the construction of the space (S)* of generalized functio-
nals of white noise, i. e. generalized functionals on 8’ (R), and some necessary
facts from White Noise Analysis. For notation, definitions, more background
and references, we refer the reader to [1—3].

Let 2 denote the algebra generated by the smooth linear functionals
Ly = (-, ), €S (R). Consider the self-adjoint operator A on L% (R) which
is the closure of

A =—FO+A+)F@, tER, [ES(R).

For p=0 let S, (R) denote the completion S(R) with respect to the norm
|fly, = =1|A°fl,. ThenS(R)= prlimS,(R). The dual space S_,(R) corre-
' N

sponding to S, (R) is the comp[etipoen of S(R) with respect to the norm
[[le.ep =147y and 8’ (R) = = U S—» (R.

N
Every element @€ (L) =L* (S'(I[{}p.ﬂﬁ, n) admits a chaos decomposition [2]

Q= ngof,.(f‘"’) (1)

where [™ ¢ I: (R"), - denoting symmetrization, and 7, (f”) is the multiple
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Wiener integral of f™ of order n. We have the equality

oo

lolp=¥ a7 g

n=>0
(I - |l, denoting the norm of (L?) from which we obtain the isomorphism
between (L2) and the «Fock space» @ L2(R", n!d"?).
0

For peR,let(S), denote the Hilbert space which is the completion of ?
with respect to the norm

lolBo=X atl/™ B, =Y ntA®Y["E. (@)
n=0 n=0

Then we define the space (S) of test functionals of white noise as the projective
limit of the family {(S), p € N}

The dual space (S)_, corresponding to (S), by (2) is the completion of &
with respect to the norm

. “ @ ”?2'-_0 o nl ] f(n) lg.—ﬂ o E n! | (A ®ﬂ)—Ptfﬂ) E- (3)
n=>0

The space (S)" of‘ white noise distributions is the dual to (S) and has the
representation (S) = [J (S)_,-

n=0

On (L?) we defiﬁi:mt"he S-transform of an element ¢ by
So) ()= [+ Ndu(x), [ESR).
Note that we have the formula

So) () = [ @ @):exp(x,f): du(x)

where we have set
exp (x, ) = exp (i [y — - | B

For @€ (L?) with the chaos decomposition (1) one has

SO B =Y (17t st €] ) Aty dt, @)

n=0 |Rn

as an easy direct computation shows.
~ Since, for all A€ Cand f € S (R), : exp (A, +) : € (S), we may extend the
S-transform to (S)* by the following dual pairing of ® € (S)*

(S®) M) = (D, : expA(f, -):)), AEC, FESR).

It is not hard to see that for any @ € (S)* the functional ¥ (f) = (SD) (f),
f€ S (R) is ray entire on S (R), i. e. for every f, g€ S (R) the function
¥ (M + g), M€ [ is entire analytic. Moreover, there exist p € No and C =0,
K> O0such that for all A€ , f€ S (R)

|¥ (M) |<C e-‘(lltzlflg.p. (5)

In [2] a ray entire ¥ with the estimate (5) on its growth for some p € N, and
C, K > 0 was named 9-functional. The main result of [2] was the fact that any
element in (S)* has an S-transform which is a U -functional, and conversely,
for any 9[-functional ¥ there is a unique element @ € (§)* with S® = ¥,
i.e.® = S—1T. A similar result (in terms of the inequality (11) below) had
been obtained in [4], see also [5, Ch. 2] and [6].

The main result of the paper is an estimate for the norm [[®@[s,—,; of
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the distribution ® = S™'¥€(S)" = [J (S)_, by the coefficients C and K

FEIN.
from (5). :
Theorem. Let W be a ray entire functional on S (R) such that for. some
C>0, K>0and p €N, we have the estimate (5) and let m € N, be such that
e2K << 2?m—1, Then for any q € Ny, ¢ = p -+ m -+ 1 we have the inclusion

®=S'Ve(S),

L NP N— ~ ©)

e K
1—2%——1

Remark. It is not hard to see that by Theorem we obtain the inclu-

; ] 3
sion ®€(S)_, for any g> % +p

Alternatively to the S-transform one frequently considers the «J-transforms»

and

: (D) () = (@, 7)), FESR) (7)
(see e. g. [3]). These are again U-functionals, since
(TD) () = SD) (N C (), [€S(R). (8)

As a consequence we have the obvious but useful the next Corollary.

Corollary. Let ¥ be a ray entire functional on S (R) such that for
some C >0, K > 0 and p € N, we have the estimate (5) and let m € N, be such
that e2 (K -} %) << 22m—1, Then for any g€ Ny, = p + m + 1 we have the
;nelusion

D=I'VES)—

and
C

l/l_"z(“?l) |

e, _, <

2m—1
2m

2. Proof of Theorem. Because A>2irom (5) we obtain the esti-
mate

2=2mKiAIf13,
< Ce ’“

fES(R), %r€C.

In [4,5, Ch. 2] it had been proved that the functional ¥ can be extended
onto the complexification Sy m.c(R) of the Hilbert space S,im(R) with the
estimate of growth

¥ @) <Ce

where {z]%,p+m is the norm of S,im.c(R).
The functional ¥ has Taylor decomposition

2.2
¥ () <ce™ ™ e

(10)

2,
K/2*™M213,p

(2 € Sptm.c (R)), (1)

A=Y o Y O@2€Spime®, (12
n=(

where d"¥ (0) (2) is the n-th differential of ¥ in the point 0€Spim,c (R) [7].
For any p¢eN the embedding operator ipy1,pt Say1(R)— Sp(R) belongs
to the Hilbert — Schmidt class. By the kernel theorem we have the repre-
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sentation for any neN,

d"¥ (0) () = (¥™,28") (2€ Spmt1.c (R))
with kernels ¥ ¢ S (R™ such that
| (A®™)—(Pmig ) | e
(. g. [5, Ch. 1]).
Let us denote F®™ =r+! v neN, Then

Y@ =Y (F",2%%), z2eS.(R)
n=0
and due to the definition of the S-transform we must prove that the distri-
bution

O—S"'v= Y, L™

n=0

belongs to (S)—, for all g >=m + p -+ 1.
Lemma. Foreveryq=p-+m-+ 1, n € N one has the estimate.

1 [
S = —
2__.,;-‘““' Vn!

n!
where we denote a =2""e*K > 0.
Prooi. By the fact that |i, mi1,01m|<<1 we have the inequality

| (A®")~EFEm DY), < d W (G)

Wi

(2a)"?, (13)

”.ev"{sp_,.mum)'

where || d¥{) || 275 mary 1S the morm of the n-linear form d¥™ (0)(z), z€
€S, m.c (R (see e. g. the proof of Theorem 5.3 in [5, Ch. 2]). By the Cauc-
hy inequality for the entire functional ¥ on S,im..(R) we obtain [7]

1 n n* 1 n* 1 —m RS,
= Il d‘i"{o;’ ”_g"n(gp_i_mHRn = e F|Z |'2.n-i m=R sup [V (2)] QT g Ce¥ KR

By minimizing the last expression with respect to R>0 we get

1y Ly c njo
.?I_!-PP' 12,_‘;;%? ll]:l' Iz,_(p+m+1):“‘:‘ﬁ(20) , neN.

By using the Lemma we have for the norm ||-|}o.—; of ® the estimate
(see (3)

o0

2 — (n) 2 n__ ce
IO —= Y allF ) <C Y @) = —
n=0 n=0
Remark. The main result is the norm estimate (6). The inclusion
in (S)_q, q>%+ p+ % is not optimal. A simple application of

Schwartz’ inequality [8] gives ¢ > Qlan%—}-p—f- 1. Other estimates for ¢

have been given in [6, 9].

1. Hida T. Brownian motion.— Berlin etc.: Springer, 1980.— 304 p.

P
2. Potthoff J., Streit L. A characterization of Hida distributions.— BiBoS, 1989.— (Preprint /
Univ. Bielefeld: 406).

3. Hida 7., Potthoff J., Streit L. White noise : An infinite dimensional calculus.— (To appear).

ISSN 0041-6053. Ykp. mar. acypu, 1992, 1. 44, N 7 925



4.
5.
6.

Kondpamoes 0. T'. Slaepusie npoctpanctsa nequix yHkunii B 3a1auax GecKOHEYHOMEDPHOTO
anasuza // Joxn. AH CCCP.— 1980.— 254, Ne 6.— C. 1325—1329. :
Bepesanckuit 10. M., Kondpamees 0. I'. Ciexrpanblisie MeToibl B 6eCKOHeYHOMEPHOM aHaJIH-

ze.— Kues : Hayk. nymka, 1988.— 680 c.
Lee Y.-J. A characterization of generalized functions of infinite-dimensional spaces and
Bargmann — Segal analybic functions // Proc. conf. Gaussian Random Fields (Nagoya,

Japan, 1990).— (To appear).

. Nachbin L. Topologies on spaces of holomorphic mappings.— Berlin etc.: Springer, 1969.—

230 p.
‘Poithoff J., Streit L. Generalized Radom — Nikodim derivaties and Cameron — Martin

’ theory // Proc.  conf. Gaussian Random Fields (Nagoya, Japan, 1990).— (To appear).
. Yan J.-A. A characterization of white noise functional.— BiBoS, 1991.— (Preprint/

Univ. Bielefeld).— (To appear).
b=t iR Received 17,09.91

926 (ISSN 0041-6053. Yxp. mar. ocypH. 1992, 7. 44, BT



	T44_0922-1
	T44_0923
	T44_0924
	T44_0925
	T44_0926

