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On lifting of functors to the Eilenberg-Moore category
of the triple generated by the functor C,C,

IIpo nipaarra pynxrTopis
Ha Kareropiio Eitrenbepra — Mypa monann,
nopojkenoi pynxropom C,C,

The second iteration of contravariant functor of the space of continuons fanctions with to-
pology of pointwise convergence is functorial part of a triple on the category of Tychonoff
spaces. The problem of lifting of functors to the Eilenberg-Moore category of this triple is
investigated.

Ilpyra itepania xoutpapapiantHoro ¢ynkropa npocropis nenepepBHHX (GYHKIiH B Tomosorii
nortoukosoi abixuocti € ¢pyHKTOpianbHOIO wacTHHONO MoHamH (TpifikH) Ha Kareropii THXOHOB-
cbKHX mpocropi. Jocaikyerses safiaua niguarra ¢ynkropis Ha kareropiio EitrenGepra —
Mypa niei Monanu. :

1. Triple generated by the functor C,Cyp. A triple T= (T, 1, p) on catego-

ry C consists of an endofunctor T : C = C and natural transformations n :
tlg =T and p:TT — T satisfying the following conditions: pen7 -
=poTn=1r, peTp=poepnT [I].

Denote by Tych the category of Tychonoff topological spaces and conti-
nuous maps. The eontravariant functor Cp : Tych — Tych is defined as fo-
llows. The space CpX of all continuous real-valued functions on X is equi-
pped with topology of pointwise convergence [2]; for mapping f: X — Y
(both X and Y are Tychonoff spaces) we define Cpf:CpY —CpX by the
formula: C,f(p) =@of, 9 €CLY. For every x€ X denote by ev,:CpX —R
a map defined by the formula ev, (9) = ¢ (x), 9€CX. It is well known
that the mapnX: X —+CpCpX, nX (x) =ev,, x€ X, is continuous [2]. It is
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easy to see that m = (nX) is natural transformation from l¢ye, into C,C,.
We construct the natural transformation w: CpCpCpCp—CpC, using the
following equality nX(®)(p) = d(ev,), PEC, °c C C X (pGC,,X The
map pX (('D):C_,.X-—»IR is continuous as the composntlon of ev:CprX—
—CpCpCpX and ®:C,C,C,h, X —R, so pX is correctly defined. In "order
to see that pX is continuous we need to verify a simple inclusion uX (M,
evg, 8) = (nX (@), ¢, &) and to use the fact that the sets (', 1, &) ={E €
eC (“,,)(Ifl (1p)—1‘(1p)[<::s} form a subbase in C,C X(forI‘EC,,CpX
1[}EC,}X e€R

Propo s ition 1. Co= (CpCp, m, 1) is a lriple on the category Tych.

Proof. Since

X o CpCpX (@) (p) = CpCpmX (@) (evy) = @ (Cp (MX (evy))) = ¢ (P)

and pX -nCpC,X (@) () = pX (eve) () = evy (epy) = @ () for arbitrary @€
EC;,C;,X PeCpX, we obtain poCpC,ym =pnonC,C, ==1. For every y€
C CpCpCLX, € CLX we have: C,uX (evy) () = evgonX (P) = pnX () X
(rp) =P (evg), and therefore C,pX (evy) == ev. Putting this equalities to-
gether we can obtain

pX o CpChp X(M) () = C,,C uX (D) (evg) == Do CpuX (evy) = D (evy) =
- BCC X (D) (evg) = (pX o pCHCHX (D)) () (i. €. p o CpCpp = o pCyrCy).

The proposition is proved.

Remark that the space C,CpX has obvious algebra structure with res-
pect to pointwise addition and multiplication of functions and multipli-
cation on scalars. Let L,X be the linear subspace of C,X generated by the
image of X under the mapping nX and A,X be the least subalgebra of C,X
ilfmluding the set nX (X). It is clear that both L, and 4, are subfunctors
of C},.

The condition pX -nC,C,X == 1, implies that nX (L,L.X)= L,X and
uX(A,A,X)=A,X. Therelore, we obtain two new friples L, =(L,.m
wllnlp), Ap = (A, n.0]|A,A4,) on the category Tych.

2. Norma! functors on the category Tych. Functor F : Tych — Tych is
called normal if it is continuous, preserves weight, monomorphisms, inter-
sections, inverse images, empty aFace one point space and transforms k-co-
vering maps into surjective (see [3]). (Note that a map/f: X — VY is k-co-
vering iff for arbitrary compact subspace K = Y there exists a compact sub-
space L = X such that [ (L) = K.

A normal functor F : Tych— Tych is said to be of degree <C n (briefly
deg (F) =< n) if for every a € FX there exists b € Fn and mapping f:n —
— X such that a = Ff (b). A normal functor is called finite if it preserves
the class of finite spaces and is called multiplicative if it preserves products.

Proposition 2. Normal multiplicative functor F is isomorphic
{o power functor (—)¥ for sowe i << oo, if either

a) deg (F) = n (and then i = n); or

b) F is finite

Proof. See [4, 5]

Theorem 1. Let I be a normal muliiplicative functor F : Tych =
— Tych such that F (Comp)= Comp. Then F is a subfunctor of (—)®.

Proof. Without loss of generality we can assume that deg(F) = oo.
One can find in [6] the following result : there exists a functor isomorphism
h :F) Comp — (—)® | Comp. First we prove that for every Tychonoff space
X and its compactification i, : X — bX the following inclusions hold:
hbXoFli, (FX) = X® = (bX)®. Assuming the contrary, without loss of ge-
nerality we can consider X to be the discrete countable space and bX tobe aX
(the one point compactification of X). Let a € h aX o Fi, (FX)\ X®. Then
there exists a sequence (b;)i—1.2, ... in FaX converging to a and such that the
supports of b; are finite and lie in X.

Suppose that a = (x;)i—1,2,... € (2X)”. Without loss of generality we
can assume that x,€aX\ X. Suppose that haxX o Fi_(b;) = (y;;)j=1,2,.... The-
re exists a mapping f: X— Y such that the sequence (f(y;)i=1.2,...) is not

i

1290 ISSN 0041-6053. ¥xp. mar. ocypn., 1892, 1. 44, N 9



convergent in aX. Therefore the sequence (Fi, o Ff(b;))i=1,2,... is not con-
vergent in F(aX), and we get a contradiction.

Now we define the natural transformation j: F — (—)® by the formula:
jX = hPXoFi, (where i, : X — BX is the canonical embedding X into Stone-
Cech compactification pX of space X). Theorem is proved.

3. Lifting normal functors to the Eilenberg-Moore category. A couple
(X,8), where £:TX — X is C-morphism, is called T-algebra iff EopX =
=1, and 2onXE~TE A morphism [: X —VY is called morphism of T-algebra
(X, ) into T-algebra (Y, §) if fo&=-L o Tf. T-algebras and their morphisms form
a category which is usually denoted by C" (Eilenberg-Moore category). We
can define the forgetful functor UT:CT—C by UT(X,§) —= X, UT(f)=F.
(For details see [1].)

A lifting of functor F:C—-~C on the category C" is a functor
G:C' —~C" such that U' -G = F ~U". The following proposition gives a
criterion of existing of a lifting: it is dual to a result of J. Vinarek [7]
(see also [8]).

Proposition 3 (see [9]). There exists a bijective correspondence
between the liftings of functor F to CT and the such natural iransformations
6: TF— FT that donf = Fv and 6‘}[1" = Fpuod7T-To.

Let T denote one of the triples (2, Ap, Lp. We use below the method
used in [5] for describing iunctors which adm:t a lifting to the category of
compact groups.

Theorem 2. [fanormal functor F can be lifted to the category Tych”,
then F is multiplicative.

Proof. Let T be one of the functors C,C,, L;, A,. We consider the
free T-algebra (7Q, pQ) denoting 7@ by X (Q is the Hilbert cube). Supposing
that F admit a lifting to Tych™ we obtain that the mapping [ = (Fpry,,
Fpr,) : F (X X X)— FX X FX is bijective. Indeed, from the conditions
of preserving inverse images and intersections by F we obtain ker (f) =0
(here we use fact that f is linear mapping of topological linear spaces). Be-
sides, since the set ker (Fpr,) = F (ker (pr,)) is homeomorphically mapped
onto FX by the mapping Fpr, we obtain that f is surjective (see [5]).

Since Q can be topologicaliy embedded into X, we obtain that F is mul-
tiplicative (see [4]).

Corollary. If F is a normal functor admitting a lifting to the ca-
tegory Tych™ and F is either finite or deg (F) << co, then F is isomorphic to a
power functor.
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