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THE n-VALENT CONVEXITY OF FRASIN INTEGRAL OPERATORS
n-BAJIEHTHA OIIYKJIICTb IHTET'PAJIBHUX OIIEPATOPIB ®PA3IHA

Let fi, ¢« € {1,2,...,k}, is an analytic function on the unit disk in the complex plane of the form f;(z) = 2" +
+aint12" T+ ... ,n € N={1,2,...}. We consider the Frasin integral operator as follows:

(n—1) 1 fl::(g) on
/ ng (ngn 1) .”(ngn—l) dg.

In this paper, we obtain a sufficient condition under which this integral operator is n-valent convex and get other interesting
results.

Hexait f;, i € {1,2,...,k}, — aHanmitnuHa QyHKIisA HA OXMHUYHOMY AMCKY y KOMIUICKCHIH IUTOLIWHI, SKa Ma€ BHUITIAL
fi(z) = 2" + aipr12" T 4+ ..., n € N={1,2,...}. Posmisnaetscs interpansuuii oneparop dpasina Bumis Ly

)= [ e (HO)" . (19) ™
0

OTpHuMaHO OCTaTHI YMOBH, 32 SIKMX IIeif iHTerpajbHUM OIepaTop € n-BaJICHTHO OITYKJIMM, Ta iHINI HiKaBi pe3yibTaTy.

1. Introduction. Let D = {z € C: |z| < 1} be the unit disk and let .A(n) be the class of all analytic
functions in D of the form

f(z)=2"+an 12" +..., neN.
So A := A(1).

For f,g € A, we say that the function f(z) is subordinate to g(z), written by f ( ) g(z), if
exists an analytic function w(z) with w(0) = 0, |w(z)| < 1 for all z € D such that f(z) = g(w(z)).
If g(z) is univalent in D, then the subordination f(z) < g(z) is equivalent to f(0 ) 9(0) and
f(D) € g(D).

A function f € A(n) is said to be n-valent starlike functions of order 3 in D, if it satisfies the
inequality

%<fo;£§)>>3’ zeD, 0<B8<n, neN,

and we denote this class by S} (/). If a function f € A(n) satisfies the following inequality:

§R<1+Zf”(z)>>ﬁ, zeD, 0<B8<n, neN,
f'(z)

then it is said to be n-valent convex functions of order S in D and we denote this class by Cy,(5).
It is known that S7(5) = S*(8) and C1(8) = C(p) (the class of starlike functions of order /5 and
convex functions of order 3, respectively). These classes are subclasses of the class of univalent
functions and, moreover, C' C S* (see [3]), where C' = C'(0) and S* = S*(0) (the class of convex
functions and starlike functions, respectively).
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For fi € Aand o; > 0, i € {1,2,...,k}, Breaz et al. in [1] introduced the following integral
operator:

z

Fay ) = [ (HO)™ - (11O . 1)

0

The most recent, Frasin [4] introduced the following integral operator, for a;; > 0 and f; € A,,
ief{1,2,... k}:

Gt = [0 (HO)" | (LO) " a2
0

nfn—l né‘n—l

2. Preliminaries. In order to give our results, we need the following corollary, which is due to
E. Deniz [2].
Corollary2.1. Let the function f(z) € A(n) satisfies the inequality

(oo )2

f'2)\ _n
R (zn—l > 5
3. Main results. In this section, we formulate and prove main results.
Theorem 3.1. Let o; > 0 forall i € {1,2,...,k} and f; € A(n) such that

G

Then

+1:|Z/BZ, ZE]D),

k k
where 3; € R and g - Gia; < n. If g i < 1, then G, is n-valent convex function of order
1= 1=

k

g - Bia;. Here Gy, is the integral operator define as in (1.2).
=
Proof. From (1.2), we observe that G,, € A(n) and obtain

Gyt = nt LGV (HEY™

Differentiating the above expression logarithmically and multiply by z we get

Gna) _ S [FEE

G~ S e
So, we have

Gz N [ ]

Gy e +; z|:fi/(z)+1 }_
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_n—l—z [Zf” +1}—n2al 3.1)

. k .
Since Z a; < 1, then by hypothesis we have
=1
G (2) : 21
R [ o) +1] ZZa &e[ e Zﬂlaz. (3.2)
k
Thus, G, (z) is n-valent convex of order Z'—1 Bia.

Theorem 3.1 is proved.
k

Corollary3.1. Let o; > 0 forall i € {1,2,...,k} such that Z | i < 1.If fi € Cp(Bs), then
1=

k
Gy, is n-valent convex function of order E - Bicv;.
Z:

k
Proof. Since f; € Cp,(5;), then 0 < 3; < n and so 0 < Z ) Bia; < m. Therefore by using
1=
the relation (3.2), the proof of this theorem is obvious.

If we put n = 1 in Theorem 3.1, then we get the following corollary.
Corollary3.2. Let o; > 0 forall i € {1,2,...,k} and f; € A such that

X

k k
where 3; € R and E - Giayy < 1. If E G <1, then Fy, .. q, is the convex function of order
1= 1=

+1:|25Z7 ZG]D)v

k
E - Bici. Here Fy, . o, is the integral operator define as in (1.1).
1=
k
Corollary3.3. Let a; > 0 forall i € {1,2,...,k} such that g _ < 1.If fi € C(B), then
1=

.....

Theorem 3.2. Let f; be in the class S. If r > 0 satisfies the inequality

r2—dr+1
2 Z a; >0
k . . . . .
such that Z | Qi <1, then Fy, ... q, is convex univalent function in the disk |z| < r.
i= )
Proof. 1t is known that f; € S, then for z = re®

zf!'(z) r? —4r +1
s casl N

k
Since g G < 1, then we get
1=

Gl g e

i=1

If we put n = 1, in equation (3.1) and use of the hypothesis of this theorem and applying relation
(3.2), then we get that the integral operator F,, . ., is the convex function.
Theorem 3.2 is proved.
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Theorem 3.3. Let a; > 0 forall i € {1,2,...,k}. Also, let f; € A such that

ZHe ,
Tz sem

k k

where 3; € R, Z Bio; < 1 and Z a; < 1. Assume that g(z) = a + bp2" + by 12" + ...
=1 =1

is analytic in D. If

/
g9(z) + ch(z) < Fay,.0,(2), z€D, (3.4)
for R(c) >0, ¢ # 0, then
9(2) < qn(2) < Fay...an(2), z€D, (3.5)

c z
where q,(z) = — / tc/"_lFal,m,ak (t)dt. Moreover, the function q,(z) is convex univalent and
0

is the best dominant of (3.4) in the sense that g < qyn for all g satisfying (3.4) and if there exists q
such that g < q for all g satisfying (3.4), then q, < q.

Proof. 1t is known [5] that the subordination (3.4) with convex univalent right-hand side is

sufficient for (3.5) with the best dominated g, (z). By Theorem 3.1 the function F,,, ., is convex
univalent in the unit disk and we get the result.

k
Theorem 3.4. Let f; € A(n), a; >0 forall i € {1,2,...,k} and Z‘_l o < 1. If

k

zf!'(z) 2n — 1
;a,ﬂ%[ 70 +1} > =5 (3.6)

[y

k
Proof. Since E G < 1, then by relation (3.1) we have
1=

s[5 ] = pen [

then

’L

We know that the integral operator G,,(z) € A(n). So, by using Corollary 2.1 and applying equation

(3.6), we get
Gl (z) n
§R< g ) > 5"

)]

i=1

Therefore,

Theorem 3.4 is proved.
We put n = 1 in Theorem 3.4, then we get the following corollary.
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k
Corollary3.4. Let fi € A, o; >0 forall i € {1,2,...,k} and Z._l o; < 1. If

k I
z2fl'(z) 1
7 ! 1 >77
Z‘“R{ o }—2
then

i=1
If we take £ = 1 in Corollary 3.4, then we obtain the following result.

Corollary3.5. If f € C(1/2) and 0 < a < 1, then R (f/(2))* > %
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