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THE ZEROS OF THE LERCH ZETA-FUNCTION
ARE UNIFORMLY DISTRIBUTED MODULO ONE

HYJI I3ETA-®YHKIIIT JIEPXA,
PIBHOMIPHO PO3IIOAIVIEHI 3A MOAVYJIEM 1

We prove that the ordinates of the nontrivial zeros of the Lerch zeta-function are uniformly distributed modulo one.

JloBezneHo, 0 OpAMHATH HETPUBIaJbHUX HYMIB J3eTa-(QyHKnii Jlepxa piBHOMIpHO po3MofiieHi 3a MoayaeM 1.

1. Introduction. Let s = o + it denote a complex variable. Denote by {\} the fractional part of
a real number A. In this paper 7" always tends to plus infinity and constants in big O notations may
depend on parameters A, « and x.

The Lerch zeta-function is defined by

e 2wiAm

e
L(\ a,s) Zm—{—as’ o>1,
m=0

where 0 < A\, a < 1. This function has an analytic continuation to the whole complex plane except
for a possible simple pole at s = 1 (see [16, 17]). The Lerch zeta-function satisfies the functional
equation (see, for example, [16], Chapter 2, or [10], formula (1))

L\ a,1—s)=(27)"°T(s) (e”%_%ia’\L(l —a,\,s) +

+ e T2mal—{A) (0, 1 — {A}, 3))- M

Next we indicate zero free regions. Let [ be a straight line in the complex plane C, and denote
by o(s, 1) the distance of s from [. Define, for § > 0,

={s€C: o(s,1) < 6}.

In [7,12], for 0 < A < 1 and A # 1/2, it is proved that L(\, «,s) # 0 if 0 < —1 and

7t

1_
log A

SE& Liga | 0 = +1

For A = 1/2,1, from [7, 22] we see that L(\,«,s) # 0 if 0 < —1 and |¢| > 1. Moreover, in [7] it
is shown that L(\, o, s) # 0 if 0 > 1 + . We say that a zero of L(\, «, s) is nontrivial if it lies in
the strip —1 < ¢ < 1 + «. The nontrivial zero is denoted by p = 8 + 7.
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Let ((s) and L(s, x) be the Riemann zeta-function and the Dirichlet L-function accordingly. We
have

L(1,1,s) = ((s) and L(1/2,1/2,s) = 2°L(s, x), ()

where x is a Dirichlet character mod 4 with x(3) = —1. For these two cases, the Riemann hypothesis
can be formulated. Similar cases are L(1,1/2,5) = (25 —1)((s) and L(1/2,1,5) = (1 —2'7%)((s).
For all the other cases, it is expected that the real parts of zeros of the Lerch zeta-function form
a dense subset of the interval (1/2,1). This is proved for any A and transcendental « [8] using
the universality property of the Lerch zeta-function. More about the universality of the Lerch zeta-
function see [6, 15, 18].

Denote by N (A, «,T') the number of nontrivial zeros of the function L(A,«,s) in the region
0 <t <T. Then [7, 9]

T T
N\ o, T) = o logT — o log(2mea) + O(log T'). 3)

A sequence {aj,as9,as,...} of real numbers is uniformly distributed in the interval [a, b], if for
any subinterval [c, d] of [a, b] we have

1; |{a17a27a37"'7an}(w[Cvd” d—c
im = .
n—o00 n b—a
The notation |{a1, az, as, ..., a,}N[c, d]| denotes the number of elements, out of the first n elements
of the sequence, that are between ¢ and d. A sequence a1, a9, as, ... of real numbers is said to be

uniformly distributed modulo 1 if the sequence of the fractional parts of a,, denoted by {a}, is
uniformly distributed in the interval [0, 1].

Under the assumption of the truth of the Riemann hypothesis Rademacher [20] proved that the
imaginary parts of the nonreal zeros of the Riemann zeta-function are uniformly distributed modulo
one; Elliott [3] and (independently) Hlawka [14] gave unconditional proofs of this result. Further
extensions and generalizations can be found in the articles [2, 4, 5, 11, 21].

The main result of this paper is the following theorem.

Theorem 1. The imaginary parts of nontrivial zeros of the Lerch zeta-function L(\,«,s) are
uniformly distributed modulo one.

The proof of Theorem 1 relies on the following proposition.

Proposition 1. Let x be a fixed positive real number not equal to 1. Then

> @ = (ela) + d(x)) - +OllogT),
0<~<T

where c(x) and d(x) are complex numbers defined by formulas (9) and (16) below.

Proposition 1 and Theorem 1 are proved in Sections 2 and 3, respectively.

2. Proof of Proposition 1. Let B > 3 be a sufficiently large number which will be chosen
later. A strip 1 — B < ¢ < B contains all the nontrivial zeros and a finite number of trivial zeros.
Applying the residue theorem, we get

1 r
p— = s
E o =o— [T (A, o, 8)ds + O(1), 4)
0<~y<T 0
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1172 R. GARUNKSTIS, T. PANAVAS

where [J denotes the counterclockwise oriented rectangular contour with vertices B + ¢, B + T,
1-B+iT,1— B+1and

L'\ a,s) = %L()\, a,s).

To deal with the integral in formula (4) the following two lemmas will be useful.
Lemma 1. If f(s) is analytic and f(sg) # 0 with

‘ f(s) <M
f(s0)
in {s:|s—so| <r} with M > 1, then

f M

< _ < C—

AP

P

Jor |s — so| < %, here C' is some constant and p' runs through the zeros of f(s) such that

r
" = s0l < -

For the proof, see [23] (§3.9).

Lemma 1 is applied in the proof of the next lemma.

Lemma 2. Let B,b > 2 be fixed. If T is such that L(\,a,0 +iT) # 0 for 1 —b < 0 < B,
then

B
L/
/ ‘L(/\,a,a + ZT)‘ do < logT.
—b
Proof. In Lemma 1, we choose so = B + iT and r = 4(B — (1 — b)). It is known (see, for
example, [13], Lemma 3) that, for |s — so| < r,

1

L\ a,s) < T¢

with some ¢ > (0. Therefore we can take M = 2clog 7. Then Lemma 1 gives

r 1
T\ as) = > Sip—FO(logT) (5)

lp—s0]<5

for |s — so| < 2 Note that the points B+ i7" and 1 —b+¢1" are not very near to zeros of L(\, «, ).

Thus,
B B
/ Livao+in)|d </ L | do+000gT)
= i - —
L 7= Norir—p| Y 8
1-b 124 lp—s0l<5
7 1
= Z = do+ O(logT) =

V(e =82+ (T -)

lp—s0l<51p
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= Y (g (B-p+ VT -7+ (B-5) -

lp—so|<5

“log (1 b BT P+ (1 —b— 5)2))) +O(logT) <

L logT,

since the inequality |p — so| < " is satisfied with O(logT) many zeros p (see the asymptotic

formula (3)).
Lemma 2 is proved.
Proof of Proposition 1. We consider the contour integral in formula (4):

L'(\ a,s)

S bl ) d —
/m L(has)
0

\)

BT 1-B4+iT  1-B+ti Bti ro ) 4
s , O, S
———— 2 ds = I;. 6
[ [ [ [ i e=Xs ©
Bi BHT  1-B+iT 1-B+i J=1
Let Zyt1 = Tmt1(a) = (m+ a)/a, m =0,1,..., be the sequence X and define

S ={vk Tk, ...k, :meN, kg eN,... k, € N}
as the set of all possible products of elements of the sequence X. Let
1 =yi(a) <ya(a) < ... (7)

be an ordered sequence of all different numbers of S. By Lemma 8 in [11] there are o7 > 1
and complex numbers ¢,, n = 1,2,..., such that the logarithmic derivative of L(\,«,s) has an
absolutely convergent Dirichlet series expansion

Let B > o;. Interchanging summation and integration, we find

B+iT

ch / <@> ds icnijexp((3+it) log(z/yn(a))) dt =

- T
Z cniexp (Blog(az/yn(a /exp itlog(z/yn(r))) dt.
n=1 1

In view of
T
[ expittog(o/a(a))) dt =
1
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1174 R. GARUNKSTIS, T. PANAVAS

T-1 if = =yy(a),

(exp (iTlog(z/yn())) — exp (ilog(z/yn(ex))))/ (ilog(z/yn(a))) otherwise,

we get
I =ic(z)T 4+ O(1), (8)
where

Cn it = =uy,(a),

c(x) = )

0 otherwise.
To evaluate the integral
1—B+iT Zn )
a,s

I3 = — S 10

= [ i (1o
1-B+i

we will use the functional equation (1). The logarithmic derivative of the functional equation is

r I’ m
— log2nA — =(1—s8) — — — — 1-— 11
L (>\7 Oé, 8) Og ﬂ-)\ 1—\ ( 3) 2 ()\ Oé ) ( )
where, for o < —1,
0 e—2miam (1—s8) 2mia(1+A— (A 0 e2miam
)\ a 1 +e—ﬂl —S e T -
B Z A+m\ ° mZ:o 1—{\}+m\'"*
A A
and 5
E'(\a,s) = %E(A, a,s).
We have
1—-B+iT
z®log(2m\)ds = O(1). (12)
1-B+i

It is known (see formula 6.3.18 in [1]) that, for |args| < m,

I‘\/
—(s) =logs+ O 5 — 00.
r [s] |
Thus,
1-B+iT T
sF, 1 B it 1
T ?(1—5 T logt——JrO n dt = O(logT). (13)
1—B+i 1
Let
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o0 o—2miam
F\a,1—s)= 1+mz1 <m>1 -, o<1,
A
and
F'(\a,s)= %F(A,a,s).

Then, for o < —1,

/ _ / _

f?((;\:s,’ll— 5) - ?8,’3,’11_ 85)) TO(™), oo (14

Again, by Lemma 8 in [11] there are complex numbers d,, n = 1,2,..., such that the logarithmic

derivative of F'(\, «v, s) has the Dirichlet series expansion

F'(\a,s) <= dp
F(\ a,s) Z

— yn(A)

which converges absolutely for Rs > B if B is sufficiently large. The numbers y,,(\), n =1,2,...,

are defined by (7). This and formula (14) give

1-B+iT

T .
E'(\a,1—s) BN~ dy z \"
s ) ds = dt+0(1) =
T B BT > et | (o) rrow

where

dnyn()‘) if z= yn()\)a

0 otherwise.
By formulae (10)—(13) and (15) we obtain
I3 = id(x)T 4+ O(log T').

We observe that I, does not depend on 7. Therefore,

I, =0().
Lemma 2 gives
B+iT L\, s) B i L'\ a,0 +iT)
I = t/ J’LQ#L$d3=‘/ﬂf LM¢La+ﬂDdU<<bgp
1-B+iT 1—-B

Formulae (4), (6), (8), (17), (18), and (19) prove Proposition 1.
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1176 R. GARUNKSTIS, T. PANAVAS

3. Proof of Theorem 1. In the proof of Theorem 1 the following Weyl’s criterion for the
uniform distribution will be important.

Lemma 3. A sequence of real numbers vy, is uniformly distributed modulo one if and only if,
for each integer m # 0,

n

1 .
lim — g 2T = ).
n—oo N
J=0

For the proof, see [24, 25].
Let N(U(T") be the number of nontrivial zeros of L()\, , s) in

B> % + (loglogT)?/1log T, 0<t<T.
Let N)(T) be the number of those in
B < % — (loglog T)?/logT, 0<t<T,
and let N®)(T') be the number of those in
% — (loglog T)?/logT < B < % + (loglog T)*/1log T, 0<t<T.
The following clustering of the nontrivial zeros around the critical line o = 1/2 will be useful in the

proof of Theorem 1.
Proposition 2. We have

TlogT

(1) it =Sulll
TlogT
N® o 21
( ) log ].Og T ) ( )
T T TlogT
(3) - = - it =Tl
NEAT) s log 2mea +0 <log log T) ' (22)

To prove the proposition we will need the following two lemmas.
Lemma 4. We have

> (/3 - ;) = O(T loglog T).

0<~<T
B8>1/2
Proof. From the proof of Theorem 1 in [9] we have, for b > —3,

T

27 Z b+p) = /log ‘ofb”tL()\, a,—b+it)| dt + O(logT).
0<y<T 0
B>—b

Theorem 1 in [10] gives the bound
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T
/’L —Ht)
0

. 1 . .
Choosing b = —5 by the concavity of the logarithm we get

o Z (5—5):0/1%

2
dt = O(T'logT).

1
a’L(\ a, 5t zt)‘ dt + O(logT) =

0<~y<T
B>1/2
’ 1
0
T 2
1 1
< 3 Tlo /’L —|—zt) it | + o) <
0

< TloglogT.

Lemma 4 is proved.
Lemma 5. Let b > 3 be a constant. For 0 < \,a <1,

Z (b+5)=<b+1> Tl T —i-flog + O(logT).

2w 47Tea)\
0<y<T

For the proof, see [9] (Theorem 1) and [13] (Lemma 1).
Proof of Proposition 2. From Lemma 4 and the definition of N () (T') we see that

0 < NO(T)(loglog T)?/log T < O(T loglog T).

This proves the bound (20).
Next we consider the bound for N)(T). Let § = (loglog T')?/ log T. We have

S v+B= >, 0+8+ >, (b+8).

0<~y<T 0<y<T 0<y<T
B8>1/2—6 8<1/2—0

Definitions of N()(T), N®)(T), and Lemma 4 give

Z (b+p5) < Z (ﬁ_;)"‘<b+;>(N(1)<T)+N(3)(T>)S

0<~y<T 0<y<T
8>1/2—6 8>1/2

1
< O(TloglogT) + <b + 2) (NO(T) + NO(T)).
For the second sum in the right-hand side of formula (23), we obtain
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1178 R. GARUNKSTIS, T. PANAVAS

> b+8)< (b + % — (loglog T)?/ log T> NO(1).
0<y<T
B<1/2—6

The last three formulas yield the inequality

1
Z (b+B) <O(TloglogT) + <b + 2>N(/\, o, T) — (loglog T)>2N@(T) / log T.
0<~<T

By this, Lemma 5, and formula (3) we see that
0 < O(T'loglog T') — (loglog T)?N®)(T)/logT.

This proves formula (21). Formulae (20) and (21) together with the asymptotic formula (3) yield the
equality (22).

Proposition 2 is proved.

Proposition 2 leads to the following lemma.

Lemma 6. We have

2.

0<~y<T

ﬁ_

1‘ TlogT

2 loglog T’

Proof. As in the proof of Proposition 2 we denote § = (loglog T')%/log T. Then

2.

0<~<T

1 1
R ID VIR SEEID S (B} 4

0<y<T 0<~y<T 0<~y<T
B8-1/2>6 |B-1/2|<§ B-1/2<—0

In view of zero free regions of the Lerch zeta-function we have that | — 1/2| < 1. Then the
expression (24) together with Proposition 2 proves Lemma 6.
Proof of Theorem 1. Similarly, as in the proof of Theorem 1 in [21], we can write

3 Z 21— Z 2B 4 Z (x1/2+”—:c5+”). (25)

0<~y<T 0<y<T 0<y<T

We find

3 Z 21| < Z e Z ‘xl/um_fcwy

0<~y<T 0<~y<T 0<~<T

By inequality
Yy
Jexp(y) 1] = | [ exp(t)dt| < Jy|max{1,exp(0))
0

where y is a real number, we get
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(3 )ue)-

1
< ‘ﬁ 2‘ |10gm|max{x5,x1/2}.

‘x1/2+z’7 _ xﬁ—i—iv‘ =P

Then by Lemma 6 and formula (3) we have

1 . .
O T) Z ’m1/2+w _ xﬁﬂv‘ <
E 0<y<T
]logw|max{xﬁ,:r1/2} 5 1 < 1
- N\ «,T) 2 loglog T

0<~y<T

This, formula (25), and Proposition 1 give that

1 1/2+ivy
N\ a,T) Z v loglog T
0<y<T

Let x = 2™ with some positive z = 1 and m € N. Then, after dividing the previous formula by
1
x2, we deduce

. 1 ,
jlgréo NovaT) Z exp(imylogz) = 0.
0<y<T

Then Weyl’s criterion (Lemma 3) implies that the sequence of numbers 7 logz/27 is uniformly
distributed modulo 1.
Theorem 1 is proved.
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