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THE ZEROS OF THE LERCH ZETA-FUNCTION
ARE UNIFORMLY DISTRIBUTED MODULO ONE

НУЛI ДЗЕТА-ФУНКЦIЇ ЛЕРХА,
РIВНОМIРНО РОЗПОДIЛЕНI ЗА МОДУЛЕМ 1

We prove that the ordinates of the nontrivial zeros of the Lerch zeta-function are uniformly distributed modulo one.

Доведено, що ординати нетривiальних нулiв дзета-функцiї Лерха рiвномiрно розподiленi за модулем 1.

1. Introduction. Let s = \sigma + it denote a complex variable. Denote by \{ \lambda \} the fractional part of
a real number \lambda . In this paper T always tends to plus infinity and constants in big O notations may
depend on parameters \lambda , \alpha and x.

The Lerch zeta-function is defined by

L(\lambda , \alpha , s) =
\infty \sum 

m=0

e2\pi i\lambda m

(m+ \alpha )s
, \sigma > 1,

where 0 < \lambda ,\alpha \leq 1. This function has an analytic continuation to the whole complex plane except
for a possible simple pole at s = 1 (see [16, 17]). The Lerch zeta-function satisfies the functional
equation (see, for example, [16], Chapter 2, or [10], formula (1))

L(\lambda , \alpha , 1 - s) = (2\pi ) - s\Gamma (s)
\Bigl( 
e\pi i

s
2
 - 2\pi i\alpha \lambda L(1 - \alpha , \lambda , s) +

+ e - \pi i s
2
+2\pi i\alpha (1 - \{ \lambda \} ) L(\alpha , 1 - \{ \lambda \} , s)

\Bigr) 
. (1)

Next we indicate zero free regions. Let l be a straight line in the complex plane \BbbC , and denote
by \varrho (s, l) the distance of s from l. Define, for \delta > 0,

L\delta (l) =
\bigl\{ 
s \in \BbbC : \varrho (s, l) < \delta 

\bigr\} 
.

In [7, 12], for 0 < \lambda < 1 and \lambda \not = 1/2, it is proved that L(\lambda , \alpha , s) \not = 0 if \sigma <  - 1 and

s \not \in L \mathrm{l}\mathrm{o}\mathrm{g} 4
\pi 

\left(   \sigma =
\pi t

\mathrm{l}\mathrm{o}\mathrm{g}
1 - \lambda 

\lambda 

+ 1

\right)   .

For \lambda = 1/2, 1, from [7, 22] we see that L(\lambda , \alpha , s) \not = 0 if \sigma <  - 1 and | t| \geq 1. Moreover, in [7] it
is shown that L(\lambda , \alpha , s) \not = 0 if \sigma \geq 1 + \alpha . We say that a zero of L(\lambda , \alpha , s) is nontrivial if it lies in
the strip  - 1 \leq \sigma < 1 + \alpha . The nontrivial zero is denoted by \rho = \beta + i\gamma .

* R. Garunkštis is funded by European Social Fund according to the activity improvement of researchers qualification
by implementing world-class R\&D (projects of measure No. 09.3.3-LMT-K-712-01-0037).
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Let \zeta (s) and L(s, \chi ) be the Riemann zeta-function and the Dirichlet L-function accordingly. We
have

L(1, 1, s) = \zeta (s) and L(1/2, 1/2, s) = 2sL(s, \chi ), (2)

where \chi is a Dirichlet character \mathrm{m}\mathrm{o}\mathrm{d}4 with \chi (3) =  - 1. For these two cases, the Riemann hypothesis
can be formulated. Similar cases are L(1, 1/2, s) = (2s - 1)\zeta (s) and L(1/2, 1, s) = (1 - 21 - s)\zeta (s).

For all the other cases, it is expected that the real parts of zeros of the Lerch zeta-function form
a dense subset of the interval (1/2, 1). This is proved for any \lambda and transcendental \alpha [8] using
the universality property of the Lerch zeta-function. More about the universality of the Lerch zeta-
function see [6, 15, 18].

Denote by N(\lambda , \alpha , T ) the number of nontrivial zeros of the function L(\lambda , \alpha , s) in the region
0 < t \leq T. Then [7, 9]

N(\lambda , \alpha , T ) =
T

2\pi 
\mathrm{l}\mathrm{o}\mathrm{g} T  - T

2\pi 
\mathrm{l}\mathrm{o}\mathrm{g}(2\pi e\alpha \lambda ) +O(\mathrm{l}\mathrm{o}\mathrm{g} T ). (3)

A sequence \{ a1, a2, a3, . . .\} of real numbers is uniformly distributed in the interval [a, b], if for
any subinterval [c, d] of [a, b] we have

\mathrm{l}\mathrm{i}\mathrm{m}
n\rightarrow \infty 

| \{ a1, a2, a3, . . . , an\} \cap [c, d]| 
n

=
d - c

b - a
.

The notation | \{ a1, a2, a3, . . . , an\} \cap [c, d]| denotes the number of elements, out of the first n elements
of the sequence, that are between c and d. A sequence a1, a2, a3, . . . of real numbers is said to be
uniformly distributed modulo 1 if the sequence of the fractional parts of an, denoted by \{ an\} , is
uniformly distributed in the interval [0, 1].

Under the assumption of the truth of the Riemann hypothesis Rademacher [20] proved that the
imaginary parts of the nonreal zeros of the Riemann zeta-function are uniformly distributed modulo
one; Elliott [3] and (independently) Hlawka [14] gave unconditional proofs of this result. Further
extensions and generalizations can be found in the articles [2, 4, 5, 11, 21].

The main result of this paper is the following theorem.
Theorem 1. The imaginary parts of nontrivial zeros of the Lerch zeta-function L(\lambda , \alpha , s) are

uniformly distributed modulo one.

The proof of Theorem 1 relies on the following proposition.
Proposition 1. Let x be a fixed positive real number not equal to 1. Then\sum 

0<\gamma \leq T

x\rho = (c(x) + d(x))
T

2\pi 
+O(\mathrm{l}\mathrm{o}\mathrm{g} T ),

where c(x) and d(x) are complex numbers defined by formulas (9) and (16) below.

Proposition 1 and Theorem 1 are proved in Sections 2 and 3, respectively.
2. Proof of Proposition 1. Let B \geq 3 be a sufficiently large number which will be chosen

later. A strip 1  - B \leq \sigma \leq B contains all the nontrivial zeros and a finite number of trivial zeros.
Applying the residue theorem, we get\sum 

0<\gamma \leq T

x\rho =
1

2\pi i

\int 
\square 

xs
L\prime 

L
(\lambda , \alpha , s) ds+O(1), (4)
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where \square denotes the counterclockwise oriented rectangular contour with vertices B + i, B + iT,

1 - B + iT, 1 - B + i and

L\prime (\lambda , \alpha , s) =
\partial 

\partial s
L(\lambda , \alpha , s).

To deal with the integral in formula (4) the following two lemmas will be useful.
Lemma 1. If f(s) is analytic and f(s0) \not = 0 with\bigm| \bigm| \bigm| \bigm| f(s)f(s0)

\bigm| \bigm| \bigm| \bigm| < eM

in \{ s : | s - s0| \leq r\} with M > 1, then\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| f
\prime 

f
(s) - 

\sum 
\rho \prime 

1

s - \rho \prime 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| < C
M

r

for | s  - s0| \leq r

4
, where C is some constant and \rho \prime runs through the zeros of f(s) such that

| \rho \prime  - s0| \leq 
r

2
.

For the proof, see [23] (\S 3.9).
Lemma 1 is applied in the proof of the next lemma.
Lemma 2. Let B, b > 2 be fixed. If T is such that L(\lambda , \alpha , \sigma + iT ) \not = 0 for 1  - b \leq \sigma \leq B,

then

B\int 
1 - b

\bigm| \bigm| \bigm| \bigm| L\prime 

L
(\lambda , \alpha , \sigma + iT )

\bigm| \bigm| \bigm| \bigm| d\sigma \ll \mathrm{l}\mathrm{o}\mathrm{g} T.

Proof. In Lemma 1, we choose s0 = B + iT and r = 4(B  - (1  - b)). It is known (see, for
example, [13], Lemma 3) that, for | s - s0| \leq r,

L(\lambda , \alpha , s) \ll T c

with some c > 0. Therefore we can take M = 2c \mathrm{l}\mathrm{o}\mathrm{g} T. Then Lemma 1 gives

L\prime 

L
(\lambda , \alpha , s) =

\sum 
| \rho  - s0| \leq r

2

1

s - \rho 
+O(\mathrm{l}\mathrm{o}\mathrm{g} T ) (5)

for | s - s0| \leq 
r

4
. Note that the points B+ iT and 1 - b+ iT are not very near to zeros of L(\lambda , \alpha , s).

Thus,

B\int 
1 - b

\bigm| \bigm| \bigm| \bigm| L\prime 

L
(\lambda , \alpha , \sigma + iT )

\bigm| \bigm| \bigm| \bigm| d\sigma \leq 
B\int 

1 - b

\sum 
| \rho  - s0| \leq r

2

\bigm| \bigm| \bigm| \bigm| 1

\sigma + iT  - \rho 

\bigm| \bigm| \bigm| \bigm| d\sigma +O(\mathrm{l}\mathrm{o}\mathrm{g} T ) =

=
\sum 

| \rho  - s0| \leq r
2

B\int 
1 - b

1\sqrt{} 
(\sigma  - \beta )2 + (T  - \gamma )2

d\sigma +O(\mathrm{l}\mathrm{o}\mathrm{g} T ) =
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=
\sum 

| \rho  - s0| \leq r
2

\Bigl( 
\mathrm{l}\mathrm{o}\mathrm{g}

\Bigl( 
B  - \beta +

\sqrt{} 
(T  - \gamma )2 + (B  - \beta )2

\Bigr) 
 - 

 - \mathrm{l}\mathrm{o}\mathrm{g}
\Bigl( 
1 - b - \beta +

\sqrt{} 
(T  - \gamma )2 + (1 - b - \beta )2)

\Bigr) \Bigr) 
+O(\mathrm{l}\mathrm{o}\mathrm{g} T ) \ll 

\ll \mathrm{l}\mathrm{o}\mathrm{g} T,

since the inequality | \rho  - s0| \leq r

2
is satisfied with O(\mathrm{l}\mathrm{o}\mathrm{g} T ) many zeros \rho (see the asymptotic

formula (3)).
Lemma 2 is proved.
Proof of Proposition 1. We consider the contour integral in formula (4):\int 

\square 

xs
L\prime (\lambda , \alpha , s)

L(\lambda , \alpha , s)
ds =

=

\left\{   
B+iT\int 
B+i

+

1 - B+iT\int 
B+iT

+

1 - B+i\int 
1 - B+iT

+

B+i\int 
1 - B+i

\right\}   xs
L\prime (\lambda , \alpha , s)

L(\lambda , \alpha , s)
ds =

4\sum 
j=1

Ij . (6)

Let xm+1 = xm+1(\alpha ) = (m+ \alpha )/\alpha , m = 0, 1, . . . , be the sequence X and define

S = \{ xk1xk2 . . . xkm : m \in \BbbN , k1 \in \BbbN , . . . , km \in \BbbN \} 

as the set of all possible products of elements of the sequence X. Let

1 = y1(\alpha ) < y2(\alpha ) < . . . (7)

be an ordered sequence of all different numbers of S. By Lemma 8 in [11] there are \sigma 1 \geq 1

and complex numbers cn, n = 1, 2, . . . , such that the logarithmic derivative of L(\lambda , \alpha , s) has an
absolutely convergent Dirichlet series expansion

L\prime (\lambda , \alpha , s)

L(\lambda , \alpha , s)
=

\infty \sum 
n=1

cn
ysn(\alpha )

, \sigma > \sigma 1.

Let B > \sigma 1. Interchanging summation and integration, we find

I1 =
\infty \sum 
n=1

cn

B+iT\int 
B+i

\biggl( 
x

yn(\alpha )

\biggr) s

ds =
\infty \sum 
n=2

cni

T\int 
1

\mathrm{e}\mathrm{x}\mathrm{p}
\bigl( 
(B + it) \mathrm{l}\mathrm{o}\mathrm{g}(x/yn(\alpha ))

\bigr) 
dt =

=
\infty \sum 
n=1

cni \mathrm{e}\mathrm{x}\mathrm{p}
\bigl( 
B \mathrm{l}\mathrm{o}\mathrm{g}(x/yn(\alpha ))

\bigr) T\int 
1

\mathrm{e}\mathrm{x}\mathrm{p}
\bigl( 
it \mathrm{l}\mathrm{o}\mathrm{g}(x/yn(\alpha ))

\bigr) 
dt.

In view of

T\int 
1

\mathrm{e}\mathrm{x}\mathrm{p}(it \mathrm{l}\mathrm{o}\mathrm{g}(x/yn(\alpha ))) dt =
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=

\left\{   T  - 1 if x = yn(\alpha ),\bigl( 
\mathrm{e}\mathrm{x}\mathrm{p}

\bigl( 
iT \mathrm{l}\mathrm{o}\mathrm{g}(x/yn(\alpha ))

\bigr) 
 - \mathrm{e}\mathrm{x}\mathrm{p}

\bigl( 
i \mathrm{l}\mathrm{o}\mathrm{g}(x/yn(\alpha ))

\bigr) \bigr) 
/
\bigl( 
i \mathrm{l}\mathrm{o}\mathrm{g}(x/yn(\alpha ))

\bigr) 
otherwise,

we get

I1 = ic(x)T +O(1), (8)

where

c(x) =

\left\{   cn if x = yn(\alpha ),

0 otherwise.
(9)

To evaluate the integral

I3 =  - 
1 - B+iT\int 
1 - B+i

xs
L\prime (\lambda , \alpha , s)

L(\lambda , \alpha , s)
ds (10)

we will use the functional equation (1). The logarithmic derivative of the functional equation is

L\prime 

L
(\lambda , \alpha , s) = \mathrm{l}\mathrm{o}\mathrm{g} 2\pi \lambda  - \Gamma \prime 

\Gamma 
(1 - s) - \pi i

2
 - E\prime 

E
(\lambda , \alpha , 1 - s), (11)

where, for \sigma <  - 1,

E(\lambda , \alpha , 1 - s) := 1 +

\infty \sum 
m=1

e - 2\pi i\alpha m\biggl( 
\lambda +m

\lambda 

\biggr) 1 - s + e - \pi i(1 - s)e2\pi i\alpha (1+\lambda  - \{ \lambda \} )
\infty \sum 

m=0

e2\pi i\alpha m\biggl( 
1 - \{ \lambda \} +m

\lambda 

\biggr) 1 - s

and

E\prime (\lambda , \alpha , s) =
\partial 

\partial s
E(\lambda , \alpha , s).

We have

1 - B+iT\int 
1 - B+i

xs \mathrm{l}\mathrm{o}\mathrm{g}(2\pi \lambda )ds = O(1). (12)

It is known (see formula 6.3.18 in [1]) that, for | \mathrm{a}\mathrm{r}\mathrm{g} s| < \pi ,

\Gamma \prime 

\Gamma 
(s) = \mathrm{l}\mathrm{o}\mathrm{g} s+O

\biggl( 
1

| s| 

\biggr) 
, s \rightarrow \infty .

Thus,

1 - B+iT\int 
1 - B+i

xs
\Gamma \prime 

\Gamma 
(1 - s)ds = ix1 - B

T\int 
1

xit
\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g} t - \pi 

2
+O

\biggl( 
1

t

\biggr) \biggr) 
dt = O(\mathrm{l}\mathrm{o}\mathrm{g} T ). (13)

Let
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F (\lambda , \alpha , 1 - s) = 1 +

\infty \sum 
m=1

e - 2\pi i\alpha m\biggl( 
\lambda +m

\lambda 

\biggr) 1 - s , \sigma <  - 1,

and

F \prime (\lambda , \alpha , s) =
\partial 

\partial s
F (\lambda , \alpha , s).

Then, for \sigma <  - 1,

E\prime (\lambda , \alpha , 1 - s)

E(\lambda , \alpha , 1 - s)
=

F \prime (\lambda , \alpha , 1 - s)

F (\lambda , \alpha , 1 - s)
+O(e - t), t \rightarrow \infty . (14)

Again, by Lemma 8 in [11] there are complex numbers dn, n = 1, 2, . . . , such that the logarithmic
derivative of F (\lambda , \alpha , s) has the Dirichlet series expansion

F \prime (\lambda , \alpha , s)

F (\lambda , \alpha , s)
=

\infty \sum 
n=1

dn
ysn(\lambda )

,

which converges absolutely for \Re s \geq B if B is sufficiently large. The numbers yn(\lambda ), n = 1, 2, . . . ,

are defined by (7). This and formula (14) give

1 - B+iT\int 
1 - B+i

xs
E\prime (\lambda , \alpha , 1 - s)

E(\lambda , \alpha , 1 - s)
ds = ix1 - B

\infty \sum 
n=2

dn
yBn (\lambda )

T\int 
1

\biggl( 
x

yn(\lambda )

\biggr) it

dt+O(1) =

= id(x)T +O(1), (15)

where

d(x) =

\left\{   dnyn(\lambda ) if x = yn(\lambda ),

0 otherwise.
(16)

By formulae (10) – (13) and (15) we obtain

I3 = id(x)T +O(\mathrm{l}\mathrm{o}\mathrm{g} T ). (17)

We observe that I4 does not depend on T. Therefore,

I4 = O(1). (18)

Lemma 2 gives

I2 =

B+iT\int 
1 - B+iT

xs
L\prime (\lambda , \alpha , s)

L(\lambda , \alpha , s)
ds =

B\int 
1 - B

x\sigma +iT L
\prime (\lambda , \alpha , \sigma + iT )

L(\lambda , \alpha , \sigma + iT )
d\sigma \ll \mathrm{l}\mathrm{o}\mathrm{g} T. (19)

Formulae (4), (6), (8), (17), (18), and (19) prove Proposition 1.
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3. Proof of Theorem 1. In the proof of Theorem 1 the following Weyl’s criterion for the
uniform distribution will be important.

Lemma 3. A sequence of real numbers yn is uniformly distributed modulo one if and only if ,
for each integer m \not = 0,

\mathrm{l}\mathrm{i}\mathrm{m}
n\rightarrow \infty 

1

n

n\sum 
j=0

e2\pi imyj = 0.

For the proof, see [24, 25].
Let N (1)(T ) be the number of nontrivial zeros of L(\lambda , \alpha , s) in

\beta >
1

2
+ (\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2/ \mathrm{l}\mathrm{o}\mathrm{g} T, 0 < t \leq T.

Let N (2)(T ) be the number of those in

\beta <
1

2
 - (\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2/ \mathrm{l}\mathrm{o}\mathrm{g} T, 0 < t \leq T,

and let N (3)(T ) be the number of those in

1

2
 - (\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2/ \mathrm{l}\mathrm{o}\mathrm{g} T \leq \beta \leq 1

2
+ (\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2/ \mathrm{l}\mathrm{o}\mathrm{g} T, 0 < t \leq T.

The following clustering of the nontrivial zeros around the critical line \sigma = 1/2 will be useful in the
proof of Theorem 1.

Proposition 2. We have

N (1)(T ) \ll T \mathrm{l}\mathrm{o}\mathrm{g} T

\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T
, (20)

N (2)(T ) \ll T \mathrm{l}\mathrm{o}\mathrm{g} T

\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T
, (21)

N (3)(T ) =
T

2\pi 
\mathrm{l}\mathrm{o}\mathrm{g}

T

2\pi e\alpha \lambda 
+O

\biggl( 
T \mathrm{l}\mathrm{o}\mathrm{g} T

\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T

\biggr) 
. (22)

To prove the proposition we will need the following two lemmas.
Lemma 4. We have \sum 

0<\gamma \leq T
\beta >1/2

\biggl( 
\beta  - 1

2

\biggr) 
= O(T \mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T ).

Proof. From the proof of Theorem 1 in [9] we have, for b >  - 3,

2\pi 
\sum 

0<\gamma \leq T
\beta > - b

(b+ \beta ) =

T\int 
0

\mathrm{l}\mathrm{o}\mathrm{g}
\bigm| \bigm| \bigm| \alpha  - b+itL(\lambda , \alpha , - b+ it)

\bigm| \bigm| \bigm| dt+O(\mathrm{l}\mathrm{o}\mathrm{g} T ).

Theorem 1 in [10] gives the bound
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T\int 
0

\bigm| \bigm| \bigm| \bigm| L(\lambda , \alpha , 12 + it)

\bigm| \bigm| \bigm| \bigm| 2 dt = O(T \mathrm{l}\mathrm{o}\mathrm{g} T ).

Choosing b =  - 1

2
, by the concavity of the logarithm we get

2\pi 
\sum 

0<\gamma \leq T
\beta >1/2

\biggl( 
\beta  - 1

2

\biggr) 
=

T\int 
0

\mathrm{l}\mathrm{o}\mathrm{g}

\bigm| \bigm| \bigm| \bigm| \alpha sL(\lambda , \alpha ,
1

2
+ it)

\bigm| \bigm| \bigm| \bigm| dt+O(\mathrm{l}\mathrm{o}\mathrm{g} T ) =

=

T\int 
0

\mathrm{l}\mathrm{o}\mathrm{g}

\bigm| \bigm| \bigm| \bigm| L(\lambda , \alpha , 12 + it)

\bigm| \bigm| \bigm| \bigm| dt+O(T ) \leq 

\leq 1

2
T \mathrm{l}\mathrm{o}\mathrm{g}

\left(  1

T

T\int 
0

\bigm| \bigm| \bigm| \bigm| L(\lambda , \alpha , 12 + it)

\bigm| \bigm| \bigm| \bigm| 2 dt
\right)  +O(T ) \ll 

\ll T \mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T.

Lemma 4 is proved.
Lemma 5. Let b \geq 3 be a constant. For 0 < \lambda ,\alpha \leq 1,\sum 

0<\gamma \leq T

(b+ \beta ) =

\biggl( 
b+

1

2

\biggr) 
T

2\pi 
\mathrm{l}\mathrm{o}\mathrm{g}

T

4\pi e\alpha \lambda 
+

T

4\pi 
\mathrm{l}\mathrm{o}\mathrm{g}

\alpha 

\lambda 
+O(\mathrm{l}\mathrm{o}\mathrm{g} T ).

For the proof, see [9] (Theorem 1) and [13] (Lemma 1).
Proof of Proposition 2. From Lemma 4 and the definition of N (1)(T ) we see that

0 \leq N (1)(T )(\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2/ \mathrm{l}\mathrm{o}\mathrm{g} T \leq O(T \mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T ).

This proves the bound (20).
Next we consider the bound for N (2)(T ). Let \delta = (\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2/ \mathrm{l}\mathrm{o}\mathrm{g} T. We have\sum 

0<\gamma \leq T

(b+ \beta ) =
\sum 

0<\gamma \leq T
\beta \geq 1/2 - \delta 

(b+ \beta ) +
\sum 

0<\gamma \leq T
\beta <1/2 - \delta 

(b+ \beta ). (23)

Definitions of N (1)(T ), N (3)(T ), and Lemma 4 give\sum 
0<\gamma \leq T
\beta \geq 1/2 - \delta 

(b+ \beta ) \leq 
\sum 

0<\gamma \leq T
\beta >1/2

\biggl( 
\beta  - 1

2

\biggr) 
+

\biggl( 
b+

1

2

\biggr) 
(N (1)(T ) +N (3)(T )) \leq 

\leq O(T \mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T ) +

\biggl( 
b+

1

2

\biggr) 
(N (1)(T ) +N (3)(T )).

For the second sum in the right-hand side of formula (23), we obtain
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\sum 
0<\gamma \leq T
\beta <1/2 - \delta 

(b+ \beta ) \leq 
\biggl( 
b+

1

2
 - (\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2/ \mathrm{l}\mathrm{o}\mathrm{g} T

\biggr) 
N (2)(T ).

The last three formulas yield the inequality\sum 
0<\gamma \leq T

(b+ \beta ) \leq O(T \mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T ) +

\biggl( 
b+

1

2

\biggr) 
N(\lambda , \alpha , T ) - (\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2N (2)(T )/ \mathrm{l}\mathrm{o}\mathrm{g} T.

By this, Lemma 5, and formula (3) we see that

0 \leq O(T \mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T ) - (\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2N (2)(T )/ \mathrm{l}\mathrm{o}\mathrm{g} T.

This proves formula (21). Formulae (20) and (21) together with the asymptotic formula (3) yield the
equality (22).

Proposition 2 is proved.
Proposition 2 leads to the following lemma.
Lemma 6. We have \sum 

0<\gamma \leq T

\bigm| \bigm| \bigm| \bigm| \beta  - 1

2

\bigm| \bigm| \bigm| \bigm| \ll T \mathrm{l}\mathrm{o}\mathrm{g} T

\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T
.

Proof. As in the proof of Proposition 2 we denote \delta = (\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T )2/ \mathrm{l}\mathrm{o}\mathrm{g} T. Then

\sum 
0<\gamma \leq T

\bigm| \bigm| \bigm| \bigm| \beta  - 1

2

\bigm| \bigm| \bigm| \bigm| =
\left\{       

\sum 
0<\gamma \leq T
\beta  - 1/2>\delta 

+
\sum 

0<\gamma \leq T
| \beta  - 1/2| \leq \delta 

+
\sum 

0<\gamma \leq T
\beta  - 1/2< - \delta 

\right\}       
\bigm| \bigm| \bigm| \bigm| \beta  - 1

2

\bigm| \bigm| \bigm| \bigm| . (24)

In view of zero free regions of the Lerch zeta-function we have that | \beta  - 1/2| \ll 1. Then the
expression (24) together with Proposition 2 proves Lemma 6.

Proof of Theorem 1. Similarly, as in the proof of Theorem 1 in [21], we can write

x
1
2

\sum 
0<\gamma \leq T

xi\gamma =
\sum 

0<\gamma \leq T

x\beta +i\gamma +
\sum 

0<\gamma \leq T

(x1/2+i\gamma  - x\beta +i\gamma ). (25)

We find

x
1
2

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\sum 

0<\gamma \leq T

xi\gamma 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\sum 

0<\gamma \leq T

x\beta +i\gamma 

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| +
\sum 

0<\gamma \leq T

\bigm| \bigm| \bigm| x1/2+i\gamma  - x\beta +i\gamma 
\bigm| \bigm| \bigm| .

By inequality

\bigm| \bigm| \mathrm{e}\mathrm{x}\mathrm{p}(y) - 1
\bigm| \bigm| =

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
y\int 

0

\mathrm{e}\mathrm{x}\mathrm{p}(t) dt

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq | y| \mathrm{m}\mathrm{a}\mathrm{x}\{ 1, \mathrm{e}\mathrm{x}\mathrm{p}(y)\} ,

where y is a real number, we get
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| x1/2+i\gamma  - x\beta +i\gamma | = x\beta 
\bigm| \bigm| \bigm| \bigm| \mathrm{e}\mathrm{x}\mathrm{p}\biggl( \biggl( 1

2
 - \beta 

\biggr) 
\mathrm{l}\mathrm{o}\mathrm{g} x

\biggr) 
 - 1

\bigm| \bigm| \bigm| \bigm| \leq 
\leq 

\bigm| \bigm| \bigm| \bigm| \beta  - 1

2

\bigm| \bigm| \bigm| \bigm| | \mathrm{l}\mathrm{o}\mathrm{g} x| \mathrm{m}\mathrm{a}\mathrm{x}
\bigl\{ 
x\beta , x1/2

\bigr\} 
.

Then by Lemma 6 and formula (3) we have

1

N(\lambda , \alpha , T )

\sum 
0<\gamma \leq T

| x1/2+i\gamma  - x\beta +i\gamma | \leq 

\leq 
| \mathrm{l}\mathrm{o}\mathrm{g} x| \mathrm{m}\mathrm{a}\mathrm{x}

\bigl\{ 
x\beta , x1/2

\bigr\} 
N(\lambda , \alpha , T )

\sum 
0<\gamma \leq T

\bigm| \bigm| \bigm| \bigm| \beta  - 1

2

\bigm| \bigm| \bigm| \bigm| \ll 1

\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T
.

This, formula (25), and Proposition 1 give that

1

N(\lambda , \alpha , T )

\sum 
0<\gamma \leq T

x1/2+i\gamma \ll 1

\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{l}\mathrm{o}\mathrm{g} T
.

Let x = zm with some positive z \not = 1 and m \in \BbbN . Then, after dividing the previous formula by
x

1
2 , we deduce

\mathrm{l}\mathrm{i}\mathrm{m}
T\rightarrow \infty 

1

N(\lambda , \alpha , T )

\sum 
0<\gamma \leq T

\mathrm{e}\mathrm{x}\mathrm{p}(im\gamma \mathrm{l}\mathrm{o}\mathrm{g} z) = 0.

Then Weyl’s criterion (Lemma 3) implies that the sequence of numbers \gamma \mathrm{l}\mathrm{o}\mathrm{g} z/2\pi is uniformly
distributed modulo 1.

Theorem 1 is proved.
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6. R. Garunkštis, The universality theorem with weight for the Lerch zeta-function, New Trends in Probability and

Statistics, vol. 4 (Palanga, 1996), VSP, Utrecht (1997).
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