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INEQUALITIES INVOLVING NEW FRACTIONAL INTEGRALS TECHNIQUE
VIA EXPONENTIALLY CONVEX FUNCTIONS

HEPIBHOCTI, OTPUMAHI 3A JOIIOMOI'OIO IPOBOBUX THTEI'PAJIIB
I3 BAKOPUCTAHHSM EKCIIOHEHIIAJIBHO OIYKJINX ®YHKIIINA

We establish some new Hermite — Hadamard type inequalities involving fractional integral operators with the exponential
kernel. Meanwhile, we present many useful estimates on these types of new Hermite—Hadamard type inequalities via
exponentially convex functions.

3a J10nOMOror0 ApoOOBUX IHTErpajbHUX ONEpPaToOpiB i3 eKCHOHEHMIAIBHAM SAPOM OTPHMAHO KiJIbKa HEPIBHOCTEH THITY
Epmita— Anamapa. Cepen iHIIOTO 3aIpOIIOHOBAHO 0araTto KOPMCHHX OLIHOK JUIS IIMX HOBHX HepiBHocTel Ty Epmira-—
Anamapa 3 BUKOPHCTaHHSM SKCHOHEHIIAIBHO OMYKIUX (YHKIIH.

1. Introduction. Fractional calculus can be seen as a generalization of the ordinary differentiation
and integration to an arbitrary non-integer order which has been recognized as one of the most po-
werful tools to describe long-memory processes in the last decades. Many phenomena from physics,
chemistry, mechanics and electricity can be modeled by ordinary differential equations involving
fractional derivatives (see [5, 9—12, 20, 21] and the references therein). There were several studies
in the literature that include further properties such as expansion formulas, variational calculus appli-
cations, control theoretical applications, convexity and integral inequalities and Hermite — Hadamard
type inequalities of this new operator and similar operators.

The usefulness of inequalities involving convex functions is realized from the very beginning and
is now widely acknowledged as one of the prime driving forces behind the development of several
modern branches of mathematics and has been given considerable attention. One of the most famous
inequalities for convex functions is Hermite — Hadamard inequality, stated as [8]:

Let o: I C R — R be a convex function on the interval I of real numbers and ¢,n € I with
¢ < n. Then

n
(1) < 1 )i < £ 20

n—g 2

S

(1.1)

Both inequalities hold in the reversed direction for ¢ to be concave.

In recent years, numerous generalizations, extensions and variants of Hermite — Hadamard
inequality (1.1) were studied extensively by many researchers and appeared in a number of papers
(see [1, 4,6, 13-16, 18, 22-27]).

In [7], Fejér obtained the weighted generalizations of Hermite—Hadamard inequality (1.1) as
follows:

Let ¢: [¢,n] — R be a convex function. Then the inequality
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o) [xan < - [etamors < LA [0y

S S S

+n

holds for a nonnegative, integrable function y : [¢, 7] — R, which is symmetric to c

Exponentially convex functions have emerged an a significant new class of convex functions,
which have important applications in technology, data science and statistics. The main motivation of
this paper depends on a new identity that has been proved via new fractional integrals operators with
exponential kernel and applied for exponentially convex functions. This identity offers new upper
bounds and estimations of Hadamard type integral inequalities. Some special cases such for o — 1
have been discussed, which can be deduced from these results.

To the best of our knowledge, a comprehensive investigation of exponentially convex functions as
fractional integral with exponential kernel in the present paper is new one. The class of exponentially
convex functions was introduced by Antczak [3] and Dragomir [6]. Motivated by these facts, Awan
et al. [4] introduced and investigated another class of convex functions, which is called exponentially
convex function and is significantly different from the class introduced by [3, 6, 19]. The growth
of research on big data analysis and deep learning has recently increased the interest in information
theory involving exponentially convex functions. The smoothness of exponentially convex function
is exploited for statistical learning, sequential prediction and stochastic optimization (see [2, 3, 17]
and the references therein).

It is known [6] that a function ¢ is exponentially convex if and only if ¢ satisfies the inequality

n
e < L [ ey, <
n—s 2

S
The inequality (1.2) is called the Hermite — Hadamard inequality and provides the upper and lower

#(s) ()
e fe” (1.2)

estimates for the exponential integral (see [22 —24] and the references therein).

In this paper, we will establish here some new Hermite — Hadamard type inequalities involving
fractional integral with an exponential kernel via exponentially convex functions. Meanwhile, we
present many useful estimates on these types of new Hermite — Hadamard type inequalities for frac-
tional integrals with exponential kernels.

2. Essential preliminaries. We now recall some well-known concepts and basic results, which
are needed in the derivation of our results.

Definition 2.1. A4 set K C R is said to be convex, if

e+ (1—-1T)ye K Va,ye K, 7¢€][0,1].
Definition 2.2. A function ¢: K — R is said to be a convex function if and only if
plre+ (1 —7)y) <7e(x)+ (1 -7)e(y) Vo,ye K, 7€[0,1].

We now consider class of exponentially convex function, which are mainly due to [3, 6].
Definition 2.3 [3, 6]. A positive real-valued function p: K C R — (0,00) is said to be
exponentially convex on K, if the inequality

e(p(TJ:+(1—T)y) < Tecp(a:) + (1 _ T)@Lp(y)

holds for x,y € K and t € [0, 1].
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1 . : .
For t = 3 we have Jensen type exponentially convex functions for Definition 2.3:

e?(@) 4 ep(y)
2

) <

Exponentially convex functions are used to manipulate for statistical learning, sequential prediction
and stochastic optimization (see [2, 3, 17] and the references therein).

It is known that © € K is the minimum of the differentiable exponentially convex functions ¢ if
and only if z € K satisfies the inequality

(P, y—a) = (¢ (@) ,y —a) >0 Wy e K. @1)

The inequality of the type (2.1) is known as the exponentially variational inequality which appears
to be new one.
For formulation, applications and other aspects of variational inequalities, see Noor [13-15].
Let us give some basic examples of exponentially convex functions (for details, see [19]).
(i) For every a > 0, the function ¢(z) = e~*V7 is exponentially convex on (0, o), where

o0

—avT _ & rlaH()?)
e /2ﬁT3€ 27 dr, x> 0.

0

(if) p(z) = x~“ is exponentially convex on (0, c0) for any o > 0.
(iii) Let ¢, n be positive real numbers, I = (0,00) and family F' = {¢,: 7 € I} of function
,1-\/;
defined on C/[s,n] with ¢y (x) = ein is an exponentially convex on (0, 00).
—/T

Now, some necessary definitions and mathematical preliminaries of fractional calculus theory are
presented, which are used further in this paper.

Definition 2.4 [10]. Let ¢ € L'[s,n]. The fractional integrals T and T of order a € (0,1)
are defined as

x

1 a-
Ip(z) = — / "5 Cp(u)du, @ >, 2.2)
S
and
n
« 1 a—fl(u—:v)
Iye(x) = Sles o(u)du, = <mn,
x
respectively.
If « =1, then
T n
i 2 = [ el lm T5ee) = [ el
S x
Moreover,
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. 1 a—1
lim —e“a @™ = Y(z — u),
a—0 «

we conclude that

lim Z8(e) = p(z),  lim Tp(x) = p().

a—0 g

Definition 2.5. The left and right Riemann - Liouville fractional integrals J2. and Jy of order
a € R (a > 0) are given by

T

J2 o(z) = F(la) / (- W p(uydu, >,
and
J2 olz) = F(la) / (u— )2 p(u)du, =<1,

respectively. Here T'(«) is the Euler gamma-function.
In the sequel of the paper, let I C R be a convex set in the finite dimensional Euclidean

space R™. From now onwards we take I = [¢, 7], unless otherwise specified. We henceforth set
1l-«

o= (n—=<)

3. Main results. An important Hermite — Hadamard inequality involving fractional integral with
exponential kernel (with @ € R, a > 0) can be represented as follows.

Theorem 3.1. Let o € (0,1) and ¢: [¢,n] — R be a positive function with 0 < ¢ < n and
e? € L'ls,n]. If ¢ is a convex function on [s,n)|, then the following inequalities for fractional

integrals hold:
e@(g) + e@(n)

P(EE) o &[Ia o) 4 7oep)] < G.1)
o n = 2
4smh< )
Proof. Since ¢ is an exponentially convex function on [g, 7], we have, for z,y € [¢,n] with
1
T= =,
2
(2 e?(@) 4 epy)
— 2 )
ie,withz=7¢+ (1 —7)n, y=(1—7)s+ 717,
. e(rs+(1=7)n) L e((1-7)s+7n)
(3 < € re . (3.2)

2

Multiplying both sides of the above inequality by e™°7 and then integrating the resulting inequality
with respect to 7 over [0, 1], we obtain

4 smh( L !
/ p(Ts+(1—7) d’T + / p((1— T)§+T7’])d7_ _
0 0

(762
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n n

_ 1 / e S o) gy L [ R ) o) gy —
n—g
S S
- _“ (206 4 T0e)]
=% .
and the first inequality in (3.1) is proved.
Because e¥ is convex function, we have

eP(Tst(1=1)n) 4 cp((I-T)s+mn) < [ew(c) + es@(n)]_

Then multiplying both sides of the above inequality by e " and integrating the resulting inequality
with respect to 7 over [0, 1], we obtain the right-sided inequality in (3.1).

Theorem 3.1 is proved.

Remark3.1. For o — 1, observe that

and (3.1) reduces to Theorem 1 in [6].
Remark3.2. One can follow the same ideas to construct fractional version ]-}(Ll), T(L2)7 ,S3)
(see [27]) try to extend to study using exponential kernel for Hermite — Hadamard inequalities in
n variables based on these fundamental results. We shall study such interesting problems in the
forthcoming works.
We now prove the Hermite — Hadamard — Fejér type inequality for exponentially convex function
for new fractional integral operator technique.

Theorem 3.2. Let ¢: [¢,n] — R be convex and integrable function with ¢ < n. If x : [s,n] = R

. L Lo <+
is nonnegative, integrable and symmetric with respect to 1

, that is, x(¢ +n — x) = x(z), then
the following fractional integral inequalities hold:
) [Igaex(n) + If]zex(c)] < [Igozeso(n)ex(n) + I;ve@(dex(c)} <

[ev(C) + ew(n)] N N
< [T + ] (3.3)

Proof. Multiplying (3.2) with e~ 77eX(1=7)s+71) | we get
P55 gm0 X(1=)st 7). <

< e O 6X((l—r)c—%m) 6<p(T<-i-(1—‘F)77) 4

4o 0T X ((A=T)sH7n) go(L=T)s+7n)

Integrating with respect to 7 over [0, 1], we have

1
P (551) / oo X((A=T)stTm) g <
0
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1
< / e—a'rex((l—T)§+7'77) eSO(TC"‘(l_T)W) dr+
0
1
. / o= T X((A=T)s+7n) o (1=T)s+77) 1 (3.4)
0

—u
. So one has
—q

If we put u =7+ (1 — 7)n, then 7 = 1

1
) [
0

n
< b / e 52 ) o) X gy 4 L [ ) glst—u) x(w) gy, —
n

n n
_ / o= 552 -w) e x(stn—u) gy, 4 L [ =15 (0m) () x() gy —
n—g
< <

= e (i . [Ige<ﬂ(77) eX(m 4 I;vew(c) ex(c)]‘

By the symmetry of the function x about Skl one can see x(s +n —x) = x(x), z € [s,7],

therefore, using this fact and Definition 2.4, we have
1) [I?eX(") + I;vex(c)] < % [Igev(n)ex(n) + dew(c)ex(c)]‘

Now multiplying (3.4) with e=77eX((1=7)s+71) and integrating with respect to T over [0, 1], we get

1
/ ((A=7)st7n) go(rs+(1=7)n) g 4
0

+/e‘”ex((1T)<+Tv7)690((17)<+”7)d7' <
0

1
< [99) 4 2] / oo X (15 ) g
0

From this by setting 2 = ¢(1 — 7) + 71 and using e?(st7-%) = ¢#(*) it can be seen

[e#(5) 4 e2(n)]

[1'3690(77)6)((77) + Igesﬂ(dex(@)] < [Igex(n) + I,?‘eX(c)].

Theorem 3.2 is proved.
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Corollary3.1. If we choose o = 1, then the inequality (3.3) becomes

n n n

ev(ﬁﬂ)/ex(x)dx < /etp(a:)ex(x)dx < (M/eX(x)daj.

S S S

Remark3.3. If we take eX(*) = 1 and a = 1, then the inequality (3.3) reduces to Theorem 1
(see [6]).

For next result we need the following lemma.

Lemma 3.1. Let ¢: [,n] — R be a differentiable mapping on (s,n) with ¢ < n. If (e¥)" €
€ L'[c,n], then the following equality for fractional integrals holds:

emo;WW[_u—aEQH?ﬂm+I%ﬂﬂ::
4smh<§)
s 1
_m-gjer [ Lo = e AT A S G (1 G2)
4smh<§) s

Proof. Consider the right-hand side of (3.5):

- 1
(1=9)e? [l = et e ey (1 i =
0

4s1nh<%)
. [ 1
_ (’7_7@22 /e—”ew(<f+(1‘”n)g@’(a7+(1 —T)n)dr —
4 sinh 5) 0

1
— /e—a(l—T)e<p(<(1—7)+m)<p/(§7 + (1= 7)n)dr|.
0
Now we compute the first and the second terms of last expression as follows:

s 1
=ge / e T THITING (Gr 4 (1 = m)n)dr =
0

o
4 h(—)
sin 5
1
z —0oT T¢+(1—7
_ ('r] — g)§2 e 690( s+( )n) n g /egq-e@(rng(lT)T))dT —
o e S — S —
451nh< 2) n n 0
_ed [e—rept—es ;
_ §)(ej - eg - + gi /e‘”e‘p(TH(l_T)”)dT =
4smh<§) n n 0
o p n
= (77 - §)22 650(77) __€§6¢(§) _ 1 ;O[ /e_l_aa(n—u)eso(u)du =
4smh(§> n .
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= ——&% [ew(n) —e %) — (1 - a)I?@P(??) )

Analogously we have

1
451nh

0

%

=— [ew(C) —e %M — (1 - a)jgeso@) _
4 sinh <—)
2
Hence, the required inequality can be established
Lemma 3.1 is proved.

Using the above lemma we establish the bounds of a difference of (3.1).
Theorem 3.3. Let ¢: [s,n] — R be a differentiable mapping on (s,n) with ¢ < n such that
e? € L[s,n]. If (e¥) is convex on [s,n], then the following inequality for fractional integral holds:

e?(S) f e (1 —a)
2 4sinh<

S(n—ckg{[w2+8k3+e0@-+20+4y—

o
Asi h(—)
Sin 2

2) Ia o( )_|_I7c7v€<p(<)] <

o3

(02—204—4)} y

x[[e#9e' ()] + (7P ()] +

02 —8)e"2 o e 7 —2(c—
+( 8) +2( 0—31— 2) 2( 2)@(9”)}7

where

O(s,n) = [e?/ ()] + [P (5)].

Proof. Using Lemma 3.1 and the exponentially convexity of ¢, we have

e?() + 2 _ (1—a)ez [Zaecp(n) +Zaecp(c)] <
2 o (S
4smh(—)
2
., 1
< (77—§)§2 /|e—07 1 T)||eap sT+(1—7)n) /(§7‘—|—(1—7‘ ‘dT <
4smh<§> 0

<{71e?() + (AL = )e? )Ml ()] + A=7)l¢ ()| }dr =
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s 1
ez
S0 [l = e IO 9]+ (L= e )+
4smh 5

BD\Q
NG

+7(1 = ){[e* D ()| + £ ()]} pdr =

. 1
/ 777 = e 02O )]+
4smh >0

(1= 7D ()] + (1~ )05, ) b+

1
+ [l = IO+ (1= ) )]+ 71— 1Bl m)
:

Calculating K and K5, we get

K < ]e‘p(g)w'(c)‘ /[6_0(1_7—) — e 7|7 |dr +
0

1
2
1 |ef Myl ()] / e=o(=) _ e=om)(1 = )2 | dr +
0

1
+ 0 (s,7n) /[G_U(I_T) —e r(l—=7) |dr =
0

o? e”% —4(e°
:‘ew(c)(p/(g)‘{( +38) 4( Jrl)}Jr

203
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2 -< —0 (2 2
_,_‘ego(n)@/(n”{(a +8)e 2 —2e7%(0°4+20+2) —2(0 —20+2)}

203

Lo, 77){ (02 —8)e 2 + 2((;(;1; 2)e 7 —2(0 — 2) } 3.7)
and
1
Ky < / [e—m- _ efa(l—f)} {72’650(@)()0/(0‘ r(1- 7_2)’6%(?7)90/(77” (1 — T)@(g,n)}dT =
- \e@<<>¢/(g)‘{(02 +8)e”2 —2e7(o” 2+ 2 42) = 20" ~ 20+ 2)} N
o
2 T
# ey TS AE T DY
Lo (g,n){((ﬂ —8)e™ 2 +2(g;§ 2)e=7 _2(0—2)}. 58)

Thus, if we use (3.7) and (3.8) in (3.6), we obtain the result.
Theorem 3.3 is proved.
Remark3.4. For o — 1, we find that

(n—¢)ez {(02—1—8)63 +e_”(02+20+4)—(02—20+4)}_ c—n
6

and

 (n—=9)e? [(02—=8)e T +2(0+2)e 7 —2(0—2)) -7
5 ( -
4smh<§)

Thus, Theorem 3.3 reduces to

n
©(<) 4 ee(n) 1 _
e Te _ /e“"(x)da: < n—s Ueso(C)wl(g)‘ + |e@(n)gp’(n)‘ + @(Cﬂ?)]-
2 n—g 6
S

Our next result about the Pachpatte-type inequality for exponentially convex function for new frac-
tional integral operator technique.

Theorem 3.4. Let p and x be real-valued, nonnegative and exponentially convex functions on
[s,m] C R. Then the following inequality for fractional integral holds:
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< (1—a)e?

< (2262 X() +I7?€<P(<)6X(<)] +
8 sinh (

(o2
2
[0 —24+e (0 +2)]e?
402 i h(g)
g“ S1n 2

+ [ ePS)ex(s) 4 e@o(n)ex(n)]

(02 —20+4— (0?+ 20+ 4)6_“]6%
o
80 sinh (7 )
o?sinh( 5

[eso(c) eX(m) eso(n)ex(c)]

and
; i - [Z2esMex () 4 70e#() X)) <
2_20+4—e7(0?+20+4)
o3 +

< [eP0)eX(©) 4 2 X()] g

(0 +2)+o—2
L8 (c+2)+o0

s [ew(c)ex(n) + ew(n)ex(c)] )
g

Proof. Using the exponentially convexity of ¢ and y on [, 7], we have

e (T X (5F1)

_ e¢(rc+(;—7)n+(1—7-)2<+-rn)ex(fc-%(;—f)n_i_(1—7—)2<+T?7)

<

<es@(T<+(1—7)n) + 6¢9((1—T)<+ﬂ7)> <6x(7<+(1—f)n) + ex((l—r)<+ﬂ7)>
<

2 2

eP(Te+(1=m)n) ox(Ts+(1=7)n)  op(Te+(1=7)n) ox(Ts+(1=7)n)

<
= 1 + 1 +

272 — 21 + 1
4

+L_T) [e#()ex(6) 1 gpMex(n] 4

[e<p(<)ex(n) + es@(c)ex(n)] )
2

1227

(3.9)

(3.10)

(3.11)

Multiplying both sides of (3.11) by ¢?” and then integrating the resulting inequality with respect to

T € [0,1], we obtain

2sinh e2 ew(c;n)ex(c%n) <

g
gez2

< dr +

[ eplrsH(=Tn) (et (=)
/ ‘ 4
0

d
e 1 T+

P et x(ret(1—r)n)
+ / —oT
0

1
N / pmorTL=7) €)X 4 e2MeXM]dr +
2
0
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1
2
n / e—mw [e#)ex ) 1 ¢#(S)ex (] g —
4
0

- [Iaew(ﬂ)ex(n) —i—Iae“"(g)eX(g)} +
n—¢-* U
_ 2 —0 2
+e (0 +2) N

+ [ e#(9eX(S) 4 g ex()] g .
20

02 —20+4— (02420 +4)e°
_I_
403

[ew(C)ex(n) + es@(n)ex(C)] .
Therefore, we get the inequality

s ‘ 1—a)e?
(PS5 x(57) < Sgiggglgi,tlgewﬁneXM)%_dew&)exﬁn n
8 sinh <§)

[0 —24+e (0 +2)]e?
40> sinh (7))
o?sinh(

[0 =20 +4— (02 + 20 + 4)6_0]6%
g
82 sinh (7 )
o< S1n 9
which completes the proof of (3.9).

Since ¢ and x are exponentially convex on [g, 7], then, for 7 € [0, 1], follows from Definition 2.4
that

+ [ecp(<)€x(<) + ew(n)ex(n)] +

[e<p(<)ex(n) + es@(n)ex(C)] ’

e (Te+(1=7)n) X (Te+(1-7)n) <

< 729 eX() (1 — 7)2ePM X 4 7(1 — 7) [ew(dex(n) + eso(n)ex(c)]
and

P ((1=7)s+7m) X ((1-7)s+7b)

< (1 —7)2e8)eX() L 2epMex( 4 7(1 — 7) [eso(<)ex(n) + ew(n)ex(C)]_
Consequently, we have
eP (Tt (A=) x(rs+(1=7)n) 4 pp((I=T)st7n) X((A-T)s+7n) <
< (22 —27+1) [eso(g)ex(c) + ew(n)ex(b)] +
+27(1 — 7) [P XM 4 M ex(9)], (3.12)
Multiplying both sides of inequality (3.12) by e™°7 and integrating the resulting inequality with

respect to 7 € [0, 1], we obtain

1
/ 6—076@(7—g+(1—7)77) ex(TH—(l—T)U) dr+
0
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1
+/e—oregp((l—T)C-i-T??)eX((l—T)C‘f""??)dT<

0

1
< [e“"(g)e"(g) + e“"(")eX(n)] /6_07(272 — 27+ 1)dr +
0

1
+ [ew(c)ex(n) + ew(n)ex(g)] /6—0727.(1 —7)dr =
0

2 204+4—¢%(0%+20+4) N

= [eP()eX(6) 4 ¢2(mex(m)] g
73

e (c+2)+0—-2
T 3
o

[eso(<)ex(n) + P ex(C)]_

Thus, we have the inequality

@ [Z8e# M ex(n) +I,?‘e“9(<)e><(§)} <
n—s

2 o/ 2
g&%dﬁw+fwm@mqa—30+4—;07+2a+®_%

e ?(c+2)+0—-2
+

o3

[eso(c)ex(n) + P ex(g)] ’

which proves the inequality (3.10).
Theorem 3.4 is proved.
Corollary3.2. In limiting case, under the assumption of Theorem 3.4, we obtain

- 6 3
and

[ @@ gy < ©

n—s 3 6

S

P()ex(s) o epmex(n)  oe(S)ex(n) 1 () ex(s)

Conclusion. In this paper, we established the several inequalities within the scope of fractional
integral with exponential kernel. This new fractional integral operator helped in proving the Hermite —
Hadamard type and Hermite — Hadamard — Fejér type inequalities for exponentially convex functions
and in finding bounds of these inequalities. In addition, an immediate consequences of the results
derived in this paper.
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